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                                PREFACE

III. Dubai International Conference of Pure, Applied and Technological Sciences
 was organized by Mardin University in collaboration with Rimar Academy. The
primary objective of this event was to compile and disseminate valuable scientific
knowledge andmake ameaningful contribution to the future. 

A substantial number of researchers from both local and international
backgrounds demonstrated their interest in this conference. The scientific
committee meticulously reviewed the submissions and ultimately accepted a
select group of applicants—13 in total—of whom 10 were approved by the
scientific committee.

The core of this conference was the presentation of 8 full research papers, while
the remaining articles and research findings are set to be featured in for the
coming issues of the MINAR Journal.

I would like to extend my sincere appreciation to all the contributors and scholars
who played an essential role in making this conference a resounding success.
Your dedication and valuable contributions are deeply respected and
acknowledged.
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Abstract : 

-methionine γ-lyase (MGL) is a biologically active enzyme with recognized antitumor and antimicrobial 

potential that can be produced from microbial sources. In this study, MGL from the soil isolate Streptomyces 

maritimus MSQ21 was purified, physiochemically characterized, and evaluated for antimicrobial activity 

against Escherichia coli (ATCC 6933), Salmonella typhimurium (ATCC 14028), Pseudomonas aeruginosa 

(ATCC 10145), Staphylococcus aureus (ATCC 20231), Bacillus cereus (ATCC 33018), Candida albicans 

(ATCC 90028), and Aspergillus niger obtained from the National Microbial Culture Repository, Ain Shams 

University. UV-visible spectrophotometry revealed the typical enzyme characteristic absorption peaks (280 

and 420 nm). The enzyme showed optimal activity at pH 6.5–7.5 and retained 90% stability at pH 7.0, while 

mercury and iodoacetate strongly inhibited activity, leaving residual activities of 42.5% and 11.5%, 

respectively. Kinetic analysis showed Km and Vmax values of 20 µM and 13.041 µM·min⁻¹. The enzyme 

demonstrated antimicrobial activity against Bacillus cereus and Staphylococcus aureus with MIC ≤ 8 and 16 

µg/ml, while MIC values against Salmonella typhimurium, E. coli, and Pseudomonas aeruginosa were 16, 64, 

and 64 µg/ml. Additionally, the enzyme exhibited antifungal activity against Candida albicans and Aspergillus 

niger, with MIC 8 µg/ml for both organisms. These results indicate that MGL from Streptomyces maritimus 

MSQ21 possesses broad-spectrum microbicidal. 

Keywords: L-Methionine Γ-Lyase; Candida; Streptomyces Maritimus; Fermentation; Gram-Negative; Gram-

Positive; Antifungal; Antimicrobial . 
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1. Introduction 

Infectious infections are one of the leading triggers of death worldwide [1], and they 

impose a significant burden on public health and economy, because the growing problem of 

antimicrobial resistance has necessitated the re-evaluation of classical chemotherapeutic 

approaches relying primarily on broad-spectrum antibiotics [2, 3]. Enzymology has been 

considered as a field of research with wide implications in the various scientific and medical 

fields, and L-methionine-based therapies were applied as an anticancer treatment for different 

types of cancer, including colon, lung, prostate, brain, and kidney cancers [4, 5]. For example, 

oral administration of recombinant methioninase was suggested for COVID-19 treatment with 

a dual mechanism of action, by limiting methionine supply and distribution in the virus and 

suppressing the virus growth which is a critical factor of COVID-19-related mortality [6]. 

However, some bacterial and fungal pathogens are difficult to treat in the clinic, while 

Staphylococcus aureus, a typical member of the Staphylococcaceae family, is known for 

causing life-threatening bloodstream, respiratory, and skin infections in humans [7, 8], and 

Pseudomonas aeruginosa is known as the main invoker of highly intense acute and chronic 

infections with 40% as a mortality rate [9]. Bacillus cereus has been stated as gram-positive 

bacterium that causes food-related diseases and has been isolated especially from ready-to-

eat foods [10], because the infection of B. cereus leads to diarrheal and emetic syndromes, as 

the bacterium produces several factors in the gastrointestinal tract that contribute to its 

virulence [11]. Candida albicans is the main etiological agent of localized mucosal, 

disseminated fungal infections and represents more than 70% of mycoses worldwide [12], 

although antifungal therapy has developed, the mortality rate of C. albicans infections still 

around 40%, especially under clinical conditions such as critically ill or immunocompromised 

patients [13, 14]. Aspergillus niger is widely used in industrial fermentation and food 

biotechnology, especially in the production of biological acids, as a ubiquitous environmental 

fungus that is often isolated from soil and other natural habitats, and the spores of A. niger 

show a high resistance to environmental stress, which contributes to survival, spread, and 

persistence in different environments, including food-related and human-associated niches. 

In addition, A. niger is a medically important opportunistic fungus, because members of the 

A. niger complex have been implicated in human infections, particularly otomycosis, under 

certain conditions or in immunocompromised individuals [15–17], and consequently, the 

combination of significant biotechnological importance and environmental persistence with 

opportunistic pathogenicity underlines the dual importance of A. niger for industry and 

human health. During the last ten years, a tremendous research effort has been devoted to 

discovery of new strategies to prevent and treat bacterial and fungal infections that are 

resistant to conventional antibiotics [18], and L-methionine was found to be a promising 

candidate to target and control different classes of bacterial, fungal, and protozoal pathogens 

[19, 20]. In the present study, we have isolated, purified, and characterized L-methionine γ-

lyase (MGL) from Streptomyces maritimus,  assayed its activity against different bacterial and 

fungal species to examine its ability to inhibit microbial growth as compared to the 

conventional antimicrobial drugs. 
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2. Materials and Methods 

2.1. Microbial isolates and strains: 

For the current investigation, a collection of bacterial and fungal microorganisms was 

sourced out of the National Microbial Culture Repository, Faculty of Agriculture, Ain Shams 

University, Cairo, Egypt. The selected strains comprised Gram-negative bacteria, including 

Escherichia coli (ATCC 6933), Salmonella typhimurium (ATCC 14028), and Pseudomonas 

aeruginosa (ATCC 10145), in addition to Gram-positive species represented by Staphylococcus 

aureus (ATCC 20231) and Bacillus cereus (ATCC 33018). The microbial panel also involved 

the yeast Candida albicans (ATCC 90028) and the fungal strain Aspergillus niger. 

Furthermore, Streptomyces maritimus (MSQ21), employed as the source organism for enzymex 

production through fermentation, was isolated from soil samples. 

2.2. Preparation and standardization of microbial inoculum: 

Fresh bacterial cultures were prepared by overnight growth in appropriate broth media, 

whereas fungal isolates were cultivated on suitable agar media under optimal conditions. 

Microbial suspensions were adjusted to 0.5 McFarland standard (approximately 1 × 10⁸ 

CFU/mL for bacteria) to ensure standardized inoculum density. For minimum inhibitory 

concentration (MIC) assays, standardized suspensions were further diluted to approximately 

5 × 10⁵ CFU/mL according to assay requirements. This procedure ensured reproducible 

microbial loading and minimized experimental variability during antimicrobial susceptibility 

assessments. 

2.3. Enzyme production using submerged fermentation: 

For enzyme biosynthesis, Streptomyces maritimus was grown in submerged 

fermentation in an induction-based production medium designed to induce methioninase 

expression by the addition of methionine [21], and L-methionine was added as a substrate 

inducer with balanced nutritional ingredients for microbial growth and extracellular enzyme 

production. Cultivation was performed at 25°C with aerobic shaking for 72 h, and after 

incubation, the biomass was harvested by cold centrifugation, washed with phosphate buffer 

(pH 7.8) to remove the remaining medium components, and used for intracellular enzyme 

extraction. Cells were disrupted in extraction buffer with phenylmethylsulfonyl fluoride and 

ultrasonic disintegration, and subsequently, cellular debris has been eliminated by 

centrifugation, clarified supernatant has been assembled [22]. 

2.4. Enzyme activity investigation: 

Activity was determined using modified version of the DTNB-based spectrophotometric 

assay originally developed for the detection of thiol [23] in order to measure methanethiol, 

because reaction mixtures were prepared in phosphate buffer (pH 8.0) using PLP as the 

cofactor and L-methionine as the substrate. After catalytic cleavage, sulfur-containing 

product released has reacted with 5,5'-dithiobis-(2-nitrobenzoic acid) to create a chromogenic 

derivative that was quantified spectrophotometrically, and after incubation at defined 
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conditions, then absorbance measured at 420 nm. The methanethiol formation rate has been 

used to estimate the enzyme activity. 

2.5. Assessment of Deaminase activity:  

Based on the amount of ammonia formed during substrate turnover, the deaminating 

activity has been assessed, which was performed using a Nessler reagent-based analytical 

procedure [24]. In this assay, the enzymatically produced ammonia reacts with Nessler 

reagent to form a colored complex that is measured spectrophotometrically to determine 

deaminase activity, and the concentration of ammonia was used to calculate the enzymatic 

activity.  

2.6. Estimation of enzyme concentration:  

Protein concentration during extraction and purification was estimated using a Folin–

Ciocalteu colorimetric protocol adapted for enzyme-containing fractions [25]. Quantification 

was performed by comparing absorbance values of tested samples against a standard 

calibration curve generated using reference protein solutions. Purification efficiency of L-

methionine γ-lyase was subsequently assessed through progressive analysis of total protein, 

specific activity, and recovery percentage across sequential purification stages, including 

fractionation and chromatographic processing [26]. 

2.7. Enzyme purity:  

The implementation of UV–visible spectroscopy was proved to have the efficacy to detect 

and assess the degree of purity that enzymes possess [27]. Briefly, purified enzyme extract 

was combined with phosphate buffer that have concentration of 100 mM, in addition, EDTA 

with a concentration of 1 µM has been added to the mixture. Furthermore, through utilization 

of UV- visible scanning, the covalent Schiff base formed within the MGL active site has been 

assessed at the wavelength of 180–560 nm. 

2.8. Characterization of L-methioninase: 

2.8.1. pH optimization: 

Catalytic responsiveness of purified enzyme to pH variation was evaluated over a broad 

spectrum of acidic, neutral, and alkaline conditions using appropriate buffering systems. 

Acetate, phosphate, and carbonate buffers were employed to generate pH range of 4 to 10.5. 

To determine pH stability, enzyme samples have been incubated for one hour at 25 °C in 

substrate-free buffers of different pH values prior to residual activity determination under 

standardized assay conditions. This approach enabled assessment of both immediate catalytic 

response and structural tolerance across variable hydrogen ion concentrations [28]. 

2.8.2. Influence of temperature: 

Temperature optimization was performed by exposing L-methionine γ-lyase to reaction 

temperatures spanning 30°C to 80°C followed by measurement of catalytic performance under 

standard assay conditions. Thermal stability further assessed by pre-incubating enzyme 

aliquots at selected temperatures for defined time intervals prior to residual activity analysis. 
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These experiments allowed determination of the optimal functional temperature range as well 

as thermal resistance characteristics of the purified enzyme [28]. 

2.8.3. Assessment of enzyme responsiveness to chemical inhibitors and metal 

ions: 

To investigate biochemical sensitivity, purified enzyme samples were pretreated with 

selected metal ions and chemical modifiers before substrate addition. Following incubation, 

residual catalytic activity was quantified relative to untreated controls to determine the degree 

of enzymatic inhibition or tolerance induced by each tested compound. This procedure 

provided functional insight into cofactor dependence, inhibitory susceptibility, and catalytic 

stability under chemically modified conditions [28]. 

2.9. Investigation of kinetic parameters: 

Kinetic analysis of purified enzyme was carried out by determining the reaction initial 

velocities at varying substrate concentrations under optimal assay conditions, and data 

obtained were tailored to the Michaelis–Menten equation to evaluate the substrate affinity and 

catalytic efficiency. The Km and Vmax were derived out of Lineweaver–Burk double reciprocal 

plots to assess the enzyme–substrate interaction and maximum catalytic velocity [29]. 

2.10. Enzyme antimicrobial activity: 

2.10.1. In vitro Antimicrobial Susceptibility Testing:  

Microbicidal activities of MGL against different types of bacteria were assayed through 

implementation of agar well diffusion method [30], briefly, the above mentioned Gram-

negative and Gram-positive bacterial test strains were individually inoculated into sterile 

nutrient agar (0.7% w/v). Fresh overnight suspensions (0.1 mL; 105 CFU/mL) of bacteria 

were mixed with 15 mL of molten nutrient agar cooled to 48°C and then placed into Petri 

dishes, where 6 mm wells have been punched aseptically in the agar. One hundred microliters 

of the enzyme extract were added to each well, and tetracycline was employed as antibacterial 

control. The plates kept at 25°C for 120 min then incubated at 37°C for 24 h. 

2.10.2. Antifungal Disk Diffusion Method:  

Potato dextrose agar (PDA) was utilized to incubate fungal strains obtained from the 

culture collection. The agar was melted at a high temperature and then cooled to 48°C. It was 

then mixed with 0.1 ml of Candida albicans and Aspergillus niger fresh culture (105 CFU/ml) 

and placed in a sterile Petri dish. To prepare the agar plate, 6 mm diameter wells were made 

and 100 µL of enzyme extract was added. The plates were kept at 30°C for two days, and 

findings were compared to Itraconazole, a control antifungal drug [25]. 

2.10.3. Minimum inhibitory concentration assay: 

Quantitative assay of MIC has been implemented to view capability of the antimicrobial 

activity of that the enzyme exhibits. In order to run the assay, a preparation of inoculum with 

a concentration of 5×105 CFU/mL has been formed by inoculum dilution with equivalence to 

0.5 McFarland standard to reach the ratio of 1:100. Each inoculum was diluted twice using 

the tested mixtures, then at wavelength of 540 nm the absorption was assessed after 
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incubation at 37 °C for one day. Control drugs utilized were composed of tetracycline and 

itraconazole [3]. 

2.11. Statistical Analysis: 

Data implemented in this study has been analyzed in SPSS v17 (SPSS Inc., USA) using 

one-way ANOVA. Significance was accepted at p < 0.05. Results represent mean ± SD based 

on analyses performed by three investigators in an independent way [30-32]. 

3. Results 

3.1. Production of Streptomyces maritimus L-methioninase: 

Crude extracellular L-methioninase fraction obtained had an activity of 12.24 U/mL 

and protein content of 0.092 mg/mL, which was observed to decrease to 0.080, 0.065, 0.056, 

and 0.048 mg/mL after purification with acetone precipitation, ammonium sulphite 

fractionation, Sephadex G100 gel filtration, and DEAE–Sepharose anion-exchange 

chromatography. The purification fold seemed to increase from 1.0 in the crude extract to 

1.082 in the acetone-treated fraction and 1.094 after ammonium sulphite fractionation, and 

it showed a marked increase to 2.632 and 2.865 after Sephadex G100 and DEAE–Sepharose 

chromatography, respectively. The enzyme recovery was 100% in the crude extract and 

decreased progressively during purification, ranging from 40–41% after the DEAE–Sepharose 

chromatography, because the purification fold and recovery of MGL were observed to be 

significantly affected by the nature of the purification matrix. Consequently, the enzyme 

recovery decreased from 100% in the crude preparation to 40.72% after DEAE–Sepharose 

chromatography. Fig. 1 shows the UV–visible spectrum, which exhibits two typical absorption 

peaks at 280 and 420 nm, indicating that the purified enzyme was proteinaceous, as the 280 

nm peak suggested presence of aromatic amino acid residues. Moreover, the peak at 420 nm 

suggested presence of pyridoxal 5′-phosphate cofactor at the active site, which is consistent 

with the formation of an internal Schiff-base linkage between PLP and the ε-amino group of 

an active-site lysine residue, a characteristic of methionine γ-lyase and other PLP-dependent 

enzymes. 

Table 1. Comprehensive Purification profile of the extracted enzyme 

Steps 

Total 

Protein 

(mg/ml) 

Streptomyces maritimus 

Total Activity 

(µmol/min) 

Specific 
activity 

(µmol /mg/min) 

Purificatio
n fold 
value 

Recovery 
(%) 

Crude enzyme 
extract 

0.09 6.2 64.2 1 100 

Acetone 
precipitation 

0.08 5.7 82 1.1 91.1 

Ammonium sulfate 
fractionation 

0.06 4.2 82.4 1.1 90.4 

Sephadex G-100 gel 

filtration 
chromatography 

0.05 3.4 92 2.6 65 

DEAE-Sepharose 
anion-exchange 
chromatography 

0.04 3.1 99.7 2.9 40.7 
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Figure 1. UV spectrum of purified Streptomyces maritimus MSQ21 L-methionine γ-lyase. 

 

3.2. pH-Dependent Changes in Enzyme Activity and Stability:  

Catalytic activity and structural stability of purified L-methionine γ-lyase were greatly 

influenced by pH as shown in Table 2 and Fig. 2. L-methionine γ-lyase showed measurable 

activity over a wide pH range (4.0–10.5), but the degree of catalysis was dependent on proton 

concentration, and the enzyme showed lower activity at acidic conditions with 42% activity at 

pH 4.0, but it increased gradually as pH values were approaching neutral. The highest 

catalytic activity was observed at pH 6.5–7.5 with 80% activity at pH 6.5 and maximum 

activity of 88% at pH 7.5; however, activity decreased progressively with increasing pH value 

and the activity reached 31% at pH 10.5. The structural stability of the enzyme also showed 

a similar pH dependent profile, because the residual activity increased gradually from acidic 

pH, reached the maximum of 90% at pH 7.0, and showed that the structure of e is stable at 

neutral condition. The residual activity was gradually decreased at higher pH values with 45% 

of the residual activity at pH 10.5; consequently, the combined results indicate that the 

highest catalytic activity was demonstrated at slightly alkaline pH, whereas the most 

conformationally stable state of the enzyme was observed at neutral pH. 

Table 2. pH value impact on enzyme stability and activity. 

pH Value MGL Activity  MGL Stability (%) 

4.0 42.0% 52.0% 

4.5 50.0% 56.0% 

5.0 58.0% 70.0% 

5.5 65.0% 73.0% 

6.0 73.0% 78.0% 

6.5 80.0% 80.0% 

7.0 85.0% 90.0% 

7.5 88.0% 85.0% 

8.0 75.0% 80.0% 

8.5 67.0% 60.0% 

9.0 50.0% 54.0% 

9.5 44.0% 50.0% 

10.0 40.0% 48.0% 

10.5 31.0% 45.0% 
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3.3. Effect of temperature on enzyme activity; 

Temperature had a notable effect on the catalytic performance of purified enzyme, as 

presented in Table 3. The enzyme maintained full activity (100%) throughout the temperature 

range of 30–45°C, indicating that this interval represented the optimal thermal window for 

catalytic function. A gradual decline in activity was observed above 45°C, with activity 

remaining relatively high at 50°C (95%) and 55°C (87%), suggesting moderate thermal 

tolerance. Further temperature elevation resulted in a more substantial reduction in 

enzymatic activity. Activity declined to 70.2% at 60°C, 50.7% at 70°C, and ultimately reached 

only 20% at 80°C. This progressive decrease demonstrates increasing thermal sensitivity at 

elevated temperatures, likely due to temperature-induced structural disruption affecting 

catalytic efficiency. Overall, L-methionine γ-lyase displayed optimal activity under moderate 

temperatures between 30°C and 45°C, while temperatures above this range caused 

progressive thermal inactivation. These findings establish moderate thermal conditions as 

most suitable for preserving enzymatic functionality. 

Table 3. Effect of temperature on enzyme activity. 

MGL Activity Reaction temperature 

100% 30.0 °C 

100% 35.0 °C 

100% 40.0 °C 

100% 45.0 °C 

95.0% 50.0 °C 

87.0% 55.0 °C 

70.2% 60.0 °C 

65.0% 65.0 °C 

50.7% 70.0 °C 

33.0% 75.0 °C 

20.0% 80.0 °C 
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3.4. Enzyme thermal stability: 

Thermal stability of MGL was estimated by incubation at different temperatures for 

different periods of time as shown in Table 4. The data presented in Table 3 show that the L-

methionine γ-lyase retains 100% activity at 40 °C for 100 min and was stable at 45 °C; 

however, the enzyme showed a significant loss of activity at higher temperatures: at 70 °C, 

the activity dropped after 40 min and at 90 °C, the residual activity decreased to 60% after 20 

min and was totally lost after 100 min. 

Table 4. Thermal stability L-methionine γ-lyase enzyme. 

MGL Stability 

100 
minutes 

80 minutes 60 minutes 40 minutes 20 minutes 
Reaction temperature 
(°C) / time (minutes) 

100% 100% 100% 100% 100% 40.0 

100% 100% 100% 100% 100% 45.0 

37.5% 58.0% 88.0% 92.0% 100% 50.0 

35.0% 48.0% 64.0% 82.0% 100% 55.0 

5.0% 25.0% 40.0% 67.0% 100% 60.0 

0.00% 10.0% 28.0% 50.0% 100% 65.0 

0.00% 00.0% 10.0% 55.0% 94.0% 70.0 

0.00% 00.0% 4.00% 29.0% 80.0% 75.0 

0.00% 00.0% 0.00% 20.0% 75.0% 80.0 

0.00% 00.0% 0.00% 15.0% 66.0% 85.0 

0.00% 00.0% 0.00% 10.0% 60.0% 90.0 

 

3.5. Influence of the metal ion on the activity: 

The relative activity in presence of calcium, sodium, zinc and potassium ions was 99.6%, 

93.0%, 87.5% and 94.8%, respectively, so the enzyme activity was little affected by these ions. 

However, Ba2+, Hg2+ and Cu+ ions significantly reduced the catalytic efficiency of the 

enzyme, and the residual activities were 42.7%, 42.5% and 47.5%, respectively. It could be 

concluded that Hg2+ and Ba2+ ions are strong inhibitory ions that significantly inactivate L-

methionine γ-lyase (Table 5). 

Table 5. Metal ions dependent variations in L-methionine γ-lyase activity. 

Metal ions (Chloride salt, 10 mM) Relative activity 

Control 100% 

Sodium ion 99.6% 

Potassium ion 94.8% 

Magnesium ion 82.3% 

Manganese (II) ion 52.0% 

Cadmium (II) ion 61.0% 

Mercury (II) ion 42.5% 
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3.6. Chemical reagents effects on activity: 

Effect of various reagents on MGL activity are presented in Table 6. EDTA, ethanol, 

methanol, n-butanol, and acetone showed slight effects on L-methionine γ-lyase with residual 

activities of 91.5%, 99.5%, 96.0%, 85.0%, and 99.2%. while hydroxylamine, H₂O₂, and sodium 

azide were found to be inhibitors of the enzyme with residual activities of 25.7%, 22.0%, and 

40.8%, respectively. Iodoacetate had the strongest inhibition with a residual activity of 11.5%, 

which indicated that iodoacetate was a major inhibitor of the enzyme. 

Table 6.  Effect of chemical reagents on L-methionine γ-lyase activity 

 

 

Chromium (III) ion 80.0% 

Zinc (II) ion 87.5% 

Calcium ion 93.0% 

Barium ion 42.7% 

Lithium (II) ion 56.1% 

Iron (III) 83.0% 

Copper (II) 47.5% 

Nickel (II) ion 56.8% 

Aluminum (III) ion 73.4% 

Cobalt (II) ion 73.6 % 

Chemical reagents (1 mM) Relative activity 

EDTA 91.50% 

SDS 50.20% 

Ethanol 99.50% 

Sodium Azide 40.80% 

Methanol 96.00% 

Acetone 99.20% 

H2O2 22.00% 

n-Butanol 85.00% 

β- mercabtoethanol 58.00% 

Hydroxylamine 25.70% 

Iodoacetate 11.50% 
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3.7. Kinetic properties of L-methionine γ-lyase from Streptomyces maritimus 

MSQ21: 

The kinetic constants (Km and Vmax) were determined by measuring the reaction rates 

using concentrations of the standard substrate under the standard assay conditions, and the 

Km and Vmax values were calculated from the Lineweaver-Burk plot (Fig. 3; Table 7). The 

Lineweaver-Burk analysis showed that Km (affinity constant) was 20 mM and Vmax 

(maximum velocity) was 13.041 µM·min−1, and therefore, the enzyme showed saturation and 

maximum activity at substrate concentrations above 30 mM (40, 60, 80 mM, etc.). Moreover, 

the relationship between reaction velocity and substrate concentration was hyperbolic rather 

than sigmoidal, indicating that L-methioninase is an allosteric enzyme. 

Table 7. Lineweaver–Burk Plot Data. 

[S] (L-methionine, mM) 
Enzyme Activity 

(µM·min⁻¹) 
1/[S] (1/mM) 

1/Enzyme Activity 

(1/µM·min⁻¹) 

5 9.2 0.2 0.1086 

10 10.5 0.1 0.0950 

20 13.041 0.05 0.0766 

30 11.8 0.0333 0.0847 

40 11.5 0.025 0.0869 

50 10.8 0.02 0.0925 

60 8.32 0.016 0.1201 

70 6.74 0.014 0.1483 

80 5.823 0.0125 0.1717 

90 4.932 0.011 0.2027 

100 3.672 0.01 0.2723 

110 1.362 0.009 0.7342 

120 0.796 0.008 1.256 

 

 
 

Figure 3. Lineweaver–Burk Plot of L-methionine γ-lyase against L-methionine. 



III. Dubai International Conference of Pure, Applied and Technological Sciences  

 

 

12  

 

3.8. The antimicrobial activity of L-methioninase: 

The antimicrobial activity of purified enzyme is summarized in Table 8. The enzyme 

demonstrated inhibitory activity against all tested microorganisms. For Gram-negative 

bacteria, Escherichia coli, Salmonella typhimurium, and Pseudomonas aeruginosa showed 

inhibition zones of 8.0, 12, and 10 mm, respectively (Figure 4 c–e). These values were lower 

than those observed for tetracycline (23, 26, and 17 mm). For Gram-positive bacteria, 

inhibition zones of 22 and 27 mm were recorded for Bacillus cereus and Staphylococcus 

aureus, respectively (Figure 4 a–b), compared to 38 and 33 mm for tetracycline. L-

methioninase also demonstrated antifungal activity, with inhibition zones of 18 and 16 mm 

against Candida albicans and Aspergillus niger, respectively (Figure 4 f–g), while itraconazole 

showed higher activity (31 and 22 mm). The MIC values are presented in Table 9. For Gram-

positive bacteria, MIC values were ≤ 8.0 µg/mL for Bacillus cereus and 16.0 µg/mL 

for Staphylococcus aureus (Figure 5 a–b), compared to 4 and 8 µg/mL for tetracycline. For 

Gram-negative bacteria, MIC values were 16.0 µg/mL for Salmonella typhimurium and 64.0 

µg/mL for both Escherichia coli and Pseudomonas aeruginosa (Figure 5 c–e), while 

tetracycline showed lower values (4–8 µg/mL). For fungal isolates, L-methioninase showed 

MIC values of 8 µg/mL against both Candida albicans and Aspergillus niger (Figure 5 f–g), 

whereas itraconazole exhibited MIC values of 31 and 22 µg/mL, respectively. Overall, the data 

in Table 8–9 and Figure 4–5 indicate that L-methioninase from Streptomyces 

maritimus possesses broad-spectrum antimicrobial activity, although its potency remains 

lower than that of standard antimicrobial agents. 

Table 8. Detection of MGL antimicrobial activity  

 

Treatments 

Inhibition zone diameter (mm) 

Gram -ve 

Bacteria 

Gram +ve 

Bacteria 

Yeasts and molds 

Salmonella 

typhimurium 

 

E. coli 

Pseudomonas 

aeruginosa 

Bacillus 

cereus 

Staphyloco

ccus 

Aureus 

Candida 

albicans 

Aspergillus 

niger 

L-methionine 

γ-lyase (MGL) 12* ± 2.3 8.0* ± 1.4 10* ± 1.5 22* ± 2.5 27*± 1.3 18* ±1.2 16* ± 1.3 

Tetracycline 

antibiotic 23 ± 1.2 26 ± 1.5 17 ± 1.3 38 ± 1.6 33 ± 1.5 NA NA 

Itraconazole 

antifungal 

agent 
NA NA NA NA NA 31 ± 1.1 22 ± 1.8 

 

NA: Not applicable (agent not tested against that microorganism) 
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Figure 4. The diffusion disk assay of the L-methionine gamma-lyase displaying different 

diameters against various types bacteria and fungi  

 

Table 9. Minimum inhibitory concentration (MIC) values of L-methionine gamma lyase 

M.O.s 

MICs (µg/ml) 

L-methionine γ-lyase 

(MGL) 

Positive control 

(Tetracycline, Itraconazole) 

Gram +ve bacteria 

Bacillus cereus ≤ 8.00  4.00  

Staphylococcus aureus 16.00  8.00  

Gram -ve bacteria 

Salmonella typhimurium 16.00 4.00  

E. coli 64.00  ≤ 8.00  

Pseudomonas aeruginosa 64.00  ≤ 8.00  

Yeasts and molds 

Candida albicans 8.00  4.00  

Aspergillus niger 8.00  ≤ 4.00  
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Figure 5. Microbicidal effect of Streptomyces maritimus-derived L-methionine γ-lyase  

 

4. Discussion 

Infectious diseases have resulted in serious global health burdens and have also led to 

a marked decline in the world economy [1]. Therefore, various strategies have been developed 

to counteract and attenuate microbial infections, which include the design and synthesis of 

novel drugs. The efficacy of conventional antibiotics has decreased gradually due to the 

widespread appearance of antimicrobial resistance [2], because L-methionine γ-lyase was 

identified as a potential target for antimicrobial development. L-methionine γ-lyase catalyzes 

γ-elimination of L-methionine to methanethiol, α-ketobutyrate and ammonia [33], and MGL 

was acknowledged to be isolated, identified, purified and characterized from several bacteria 

[34]. Different production systems have been investigated, and submerged and solid-state 

fermentation are considered as efficient methods to obtain high yields of L-methionine γ-lyase 

[35], while high-level L-methioninase synthesis has been reported in Idiomarina, indicating 

its potential as an anti-leukemic agent, and a recombinant MGL strain was constructed using 

Escherichia coli as the host and a plasmid vector with a kanamycin resistance marker [34]. In 

this study, Streptomyces maritimus was exploited as a fermentative source for L-methionine 

γ-lyase, because pharmacological activities of Streptomyces maritimus were previously 

detected against carbapenem-resistant Klebsiella pneumoniae [36]. Other microorganisms, 

such as Aspergillus fumigatus and Candida tropicalis, were also used for the fermentative 

production of L-methionine γ-lyase and were employed as anticancer agents [37], and the 

enzyme UV–visible spectrum showed two different peaks (240 and 280 nm) corresponding to 

lysine amino group of L-methionine (Fig. 1), which is consistent with the findings of Hendy et 
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al., who reported that L-methionine γ-lyase has peaks at same wavelengths [38]. 

Consequently, enzyme recovery after treatment of crude extract was 100%, and the 

purification fold of enzyme is illustrated in Table 1. Optimal pH range of L-methionine γ-lyase 

from Streptomyces maritimus was between 6.5 and 7.5, with 90% residual activity at pH 7.0, 

and the optimal temperature for catalytic activity was between 35 and 45 °C (Table 2), while 

Hg2+ and iodoacetate were strong inhibitors of the enzyme, with its activity reduced to 42.5% 

and 11.5%, respectively (Tables 4 and 5). Moreover, kinetic properties of the L-methioninase 

of Streptomyces maritimus, according to Michaelis–Menten kinetics, showed a Km of 20 mM 

and a Vmax of 13.041 µM·min−1, and L-methioninase has become a potential target for 

antimicrobial development because of its unique properties and because it is present in 

various pathogenic microorganisms [39, 19]. However, L-methionine has been demonstrated 

to exert antibacterial effects by preventing the formation of key pathogenic determinants of 

Pseudomonas aeruginosa at low concentrations, and the inhibitory mechanism involves 

targeting DNA and DNA-associated enzymes, such as DNase [40]. Therefore, in the present 

work, the microbicidal activity of the enzyme against Bacillus cereus and Staphylococcus 

aureus was demonstrated by minimum inhibitory concentrations (MICs) of < 8.0 and 16.0 

µg/ml, respectively, and values of L-methioninase against Salmonella typhimurium, E. coli, 

and Pseudomonas aeruginosa were 16.0, 64.0, and 64.0 µg/ml, respectively, as shown in 

Table 9 and Figure 5c–e. L-methionine γ-lyase inhibited the growth of the fungal pathogens 

Candida albicans and Aspergillus niger with MIC values of 8 µg/ml for both species, thus 

suggesting that L-methionine γ-lyase produced by Streptomyces maritimus is an efficient 

enzyme that has antimicrobial activity. 

5. Conclusion 

L-methionine γ-lyase derived from Streptomyces maritimus demonstrated stable 

catalytic behavior under near-neutral conditions and exhibited broad antimicrobial activity 

against multiple bacterial and fungal pathogens, with comparatively stronger effects against 

Gram-positive bacteria and fungi. Although its bioactivity showed promising therapeutic 

potential, further improvement may be required to maximize its practical effectiveness. Future 

research should focus on mechanistic studies, structural optimization, formulation strategies, 

and in vivo investigations to further advance its potential biomedical and antimicrobial 

applications. 
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Abstract : 

In this work, a new general integral transform called the MSEK transform is introduced. The definition of the 

new approach and proved its main properties related to linearity, shifting, scaling, existence and convergence 

theorem, and derivatives are presented. Moreover, the proposed transform was applied to solve some examples 

of nth-order linear ordinary differential equations with constant coefficients as well as systems of ordinary 

differential equations of nth order to demonstrate the ability of the MESK transform to change ODEs to simple 

algebraic equations, in addition to the accuracy and efficiency of the proposed transformation in finding the 

analytical solution. 
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1. Introduction 

Differential equations and systems play an important role in many fields of sciences, 

since they are used in the mathematical modeling of many problems in applied mathematics 

and engineering sciences, such as dynamical systems, signal processing, physical chemistry, 

mathematical biology, fluid mechanics, electrostatics etc. (Braun, 1993; Debnath, 2005; 

Erkus-Duman & Ciftc, 2018; Khader et al., 2020; Sobczyk, 2001; Younis & Al-Rawi, 2023).  

Therefore, there have been many attempts to develop new techniques for solving 

differential equations. Over the past two centuries, integral transforms have been used 

effectively to solve differential equations such as ordinary differential equations, partial 

differential equations, integral differential equations, and fractional differential equations 

(Davies, 2002). Pierre-Simpon Laplace and Joseph Fourier first introduced integral transforms 

in 1780 and 1822, respectively, and they became two of the most widely used transformations 

in the mathematical literature (Ahmadi et al., 2019; Baleanu & Wu, 2019; Cho & Kim, 2013; 

Kamal & Sedeeg, 2016 ; Kexue & Jigen, 2011; Mohammad & Al-Rozbayani, 2024; Mustafa, 

2023).  

Recently, new transforms that depend mainly on the development, extended, modified 

and generalized of the Laplace transform have been discovered by many mathematicians, 

such as Laplace-Carson transformation (Donolato, 2002), Sumudu transformation (Watugala, 

1993), Natural transformation (Khan & Khan, 2008), Elzaki transformation (Elzaki,  2011), 

Kamal transformation (Kamal & Sedeeg 2016), Polynomial integral transformation (Barnes, 

2016), Shehu transform (Shehu & Weidong, 2019), SEE transform (Mansour et al. 2021) , 

Emad–Sara integral transformation (Maktoof at el., 2021), SUM transform (Hasan et al., 

2023), and more other transforms (Aboodh, 2013; Hilmi & Jwamer, 2024; Kharrat  & Toma, 

2020; Kim, 2017; Mohand & Mahgoub, 2019; Patil et al., 2023; Turab et al., 2024; Wang et 

al., 2023). 

This work proposes a new general developed formula of integral transform known as the 

MSEK transform by writing the kernel function in its general form. We have given the main 

definition; the existence and convergence theorem of this transform was proved, in Sec. 2. 

The basic properties of the proposed transform are provided and the MSEK transform of some 

elementary functions is illustrated in Sec. 3. Moreover, higher-order ordinary differential 

equations and systems of ordinary differential equations have been solved for more generality 

to show the efficiency and accuracy of the proposed new transform for finding the exact 

solutions of these applications discussed in Sec. 4. At the end, a conclusion is presented in 

Sec. 5. 

2. MSEK integral transform  

Definition: The integral transform is defined as  

𝑀𝑎{𝑓(𝜏)} = 𝒢(𝑠) = 𝑔(𝑠) ∫ 𝑓(𝜏) 𝑎−ℎ(𝑠)𝜏𝑑𝜏                                 (1)
∞

0
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Where 𝜏 ≥ 0, 𝑎 > 1, the function 𝑓(𝜏) is a piecewise continuous and satisfies |𝑓(𝜏)| ≤ 𝐿𝑒𝛼𝜏, 

𝐿 and 𝛼 are positive constants, 𝑔(𝑠) and ℎ(𝑠) are positive real functions with 𝑔(𝑠) ≠ 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠 >

0. 

and the corresponding inverse MSEK transform is given by 

𝑀𝑎
−1{𝒢(𝑠)} = 𝑓(𝜏) =

𝑙𝑜𝑔𝑎

2𝜋𝑖
∫ [

𝒢(𝑠)

𝑔(𝑠)
] 𝑎ℎ(𝑠)𝜏

𝑐+𝑖∞

𝑐−𝑖∞

ℎ′(𝑠)𝑑𝑠   

where 𝑀𝑎
−1 is the inverse operator of MSEK transformation, c is a real constant, the 

integral is taken along 𝑠 = 𝑐 in the complex plane, ∅(𝑠) =
𝒢(𝑠)

𝑔(𝑠)
  is analytic function for 𝑅𝑒(𝑠) > 𝑐 

, ∅(𝑠) converge to 0 𝑎𝑠 |𝑠| → ∞ and ℎ(𝑠) is injective .  

The existence condition of the MSEK transform is provided by studying the convergence 

below: 

Theorem (1): If 𝑓(𝜏) is a piecewise continuous function in the interval 0 ≤ 𝜏 ≤ 𝜏0 and 

has an exponential order 𝛼 > 0 as 𝜏 → ∞, 𝑔(𝑠) ≠ 0, 𝑔(𝑠) 𝑎𝑛𝑑 ℎ(𝑠) are positive real functions then 

𝑀𝑎{𝑓(𝜏)} converges and exists for all ℎ(𝑠) >
𝛼

𝑙𝑜𝑔𝑎
 . 

Proof: Suppose 𝜏0 > 0, then (1) can be rewritten as  

𝑀𝑎{𝑓(𝜏)} = 𝒢(𝑠) = 𝑔(𝑠) ∫ 𝑓(𝜏)𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏 
𝜏0

𝜏=0
 +𝑔(𝑠) ∫ 𝑓(𝜏)𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏  

∞

𝜏=𝜏0
(2)Since 𝑓(𝜏) is 

piecewise continuous in the interval, 0 ≤ 𝜏 ≤ 𝜏0, the first part in (2) exists finitely, similarly 

since 𝑓(𝜏) has exponential order 𝛼 as, 𝜏 → ∞, using, |𝑓(𝜏)| ≤ 𝐿𝑒𝛼𝜏 , lim
𝜏→∞

𝑓(𝜏) 𝑒−𝛼𝜏 is finite. 

|𝑔(𝑠) ∫ 𝑓(𝜏) 𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏  
∞

𝜏=𝜏0

| ≤ 𝑔(𝑠) ∫ |𝑓(𝜏) 𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎|𝑑𝜏  
∞

𝜏=𝜏0

 

≤  𝑔(𝑠) ∫ |𝑓(𝜏)| 𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏  
∞

𝜏=𝜏0

 

≤ 𝑔(𝑠) ∫ 𝐿𝑒𝛼𝜏𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏  
∞

𝜏=𝜏0

 

= 𝑔(𝑠)𝐿 ∫ 𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎−𝛼}𝜏𝑑𝜏 
∞

𝜏=𝜏0

 

= 𝑔(𝑠)𝐿 lim
𝑐→∞

[
𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎−𝛼}𝜏

−ℎ(𝑠)𝑙𝑜𝑔𝑎 + 𝛼
]
𝜏0

𝑐

=
𝑔(𝑠)𝐿𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎−𝛼}𝜏0

ℎ(𝑠)𝑙𝑜𝑔𝑎 − 𝛼
 

by choosing 𝜏0 as large enough, thus,  
𝑔(𝑠)𝐿𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎−𝛼}𝜏0

ℎ(𝑠)𝑙𝑜𝑔𝑎−𝛼
 will be small for ℎ(𝑠) >

𝛼

𝑙𝑜𝑔𝑎
 , so 

the second part in Eq.(2) exists finitely and subsequently 𝑀𝑎{𝑓(𝜏)} converges and exists.                                                                                                                                       

□                                   

Table 1 lists various well-known integral transforms that are generated by equation (1) 

based on different selections for g(s) and h(s). The convergence of these transforms can also 

be easily derived from Theorem (1). 

Table1: shows the relation between MSEK and other well-known integral transforms 

Name Transform form Choice of components 
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Laplace transform 

(Davies, 2002) 
𝐿{𝑓(𝜏), 𝑠} = ∫ 𝑓(𝜏)𝑒−𝑠𝜏𝑑𝜏   

∞

0

 𝑔(𝑠) = 1, ℎ(𝑠) = 𝑠 , 𝑎 = 𝑒 

Laplace - Carson 

transform 

(Donolato, 2002) 

𝐿𝐶{𝑓(𝜏), 𝑠} = 𝑠 ∫ 𝑓(𝜏)𝑒−𝑠𝜏𝑑𝜏   
∞

0

 𝑔(𝑠) = 𝑠 , ℎ(𝑠) = 𝑠, 𝑎 = 𝑒 

Sumudu transform 

(Watugala, 1993) 
𝑆{𝑓(𝜏), 𝑠} =

1

𝑠
∫ 𝑓(𝜏)𝑒−

𝜏
𝑠
  𝑑𝜏 

∞

0

 𝑔(𝑠) =  
1

𝑠
 , ℎ(𝑠) =

1

𝑠
  , 𝑎 = 𝑒 

Elzaki transform 

(Elzaki,  2011) 
𝐸{𝑓(𝜏), 𝑠} = 𝑠 ∫ 𝑓(𝜏)𝑒−

𝜏
𝑠
  𝑑𝜏 

∞

0

 𝑔(𝑠) =  𝑠 , ℎ(𝑠) =
1

𝑠
  , 𝑎 = 𝑒 

Aboodh transform 

(Aboodh, 2013) 
𝐴{𝑓(𝜏), 𝑠} =

1

𝑠
∫ 𝑓(𝜏)𝑒−𝑠𝜏  𝑑𝜏 

∞

0

 𝑔(𝑠) =  
1

𝑠
 , ℎ(𝑠) = 𝑠 , 𝑎 = 𝑒 

Kamal transform 

(Kamal & Sedeeg, 

2016) 

𝐾{𝑓(𝜏), 𝑠} = ∫ 𝑓(𝜏)𝑒−
𝜏
𝑠
  𝑑𝜏 

∞

0

 𝑔(𝑠) = 1, ℎ(𝑠) =
1

𝑠
 , 𝑎 = 𝑒 

Shehu transform 

(Shehu & Weidong 

2019) 

𝑆{𝑓(𝜏), 𝑠} = ∫ 𝑓(𝜏)𝑒−
𝑠𝜏
𝑢

  𝑑𝜏 
∞

0

 𝑔(𝑠) = 1, ℎ(𝑠) =
𝑠

𝑢
 , 𝑎 = 𝑒 

G- transform 

(Kim, 2017) 
𝐺{𝑓(𝜏), 𝑠} = 𝑠𝛽 ∫ 𝑓(𝜏)𝑒−

𝜏
𝑠
  𝑑𝜏 

∞

0

 𝑔(𝑠) =  𝑠𝛽, ℎ(𝑠) =
1

𝑠
 , 𝑎 = 𝑒 

Sawi transform 

(Mohand  & 

Mahgoub, 2019) 

𝑆{𝑓(𝜏), 𝑠} =
1

𝑠2 ∫ 𝑓(𝜏)𝑒−
𝜏
𝑠
  𝑑𝜏 

∞

0

 𝑔(𝑠) =  
1

𝑠
  , ℎ(𝑠) =

1

𝑠
 , 𝑎 = 𝑒 

Kharrat-Toma 

transform 

(Kharrat & Toma, 

2020) 

𝐵{𝑓(𝜏), 𝑠} = 𝑠3 ∫ 𝑓(𝜏)𝑒
−

𝜏
𝑠2  𝑑𝜏 

∞

0

 𝑔(𝑠) =  𝑠3, ℎ(𝑠) =
1

𝑠2  , 𝑎 = 𝑒 

SEE transform 

(Mansour et al. 

2021) 

𝑆𝛼{𝑓(𝜏), 𝑠} =
1

𝑠𝑟
∫ 𝑓(𝜏)𝑒−𝑠𝜏  𝑑𝜏 

∞

0

 𝑔(𝑠) =  
1

𝑠𝑟
 , ℎ(𝑠) =  𝑠, 𝑎 = 𝑒 

SUM transform 

(Hasan et al., 

2023) 

𝑆𝑎{𝑓(𝜏), 𝑠} =
1

𝑠𝑟
∫ 𝑓(𝜏)𝑎−𝑠𝜏  𝑑𝜏 

∞

0

 𝑔(𝑠) =
1

𝑠𝑟 , ℎ(𝑠) = 𝑠 

 

3. Results of the preliminary study 

3.1 Properties of MSEK transform : 

Some special properties of the MSEK transform are discussed in this section.     

Theorem (2): (Linearity)  

Let 𝑢(𝜏) and 𝑣(𝜏) are two functions for which MESK transform exists, then     

𝑀𝑎{𝛿𝑢(𝜏) +  𝜇𝑣(𝜏)} = 𝛿𝑀𝑎{𝑢(𝜏)} + 𝜇𝑀𝑎{𝑣(𝜏)}                   (3) 

Where 𝛿, 𝜇 are arbitrary constants. 

Proof: The RHS of Eq. (3) can be expressed by 

𝑀𝑎{𝛿𝑢(𝜏) +  𝜇𝑣(𝜏)} = 𝑔(𝑠) ∫ {𝛿𝑢(𝜏) +  𝜇𝑣(𝜏)}𝑎−ℎ(𝑠)𝜏𝑑𝜏  
∞

0

 

= 𝛿{𝑔(𝑠) ∫ 𝑢(𝜏)𝑎−ℎ(𝑠)𝜏𝑑𝜏  
∞

0
} + 𝜇{𝑔(𝑠) ∫ 𝑣(𝜏)𝑎−ℎ(𝑠)𝜏𝑑𝜏  

∞

0
} 
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= 𝛿𝑀𝑎{𝑢(𝜏)} +  𝜇𝑀𝑎{𝑣(𝜏)}                                                           □ 

Theorem (3): (First Shifting) 

If 𝑀𝑎{𝑓(𝜏)} = 𝒢(𝑠) is the MSEK transform for the function 𝑓(𝜏), then  

𝑀𝑎{𝑒𝛽𝜏𝑓(𝜏)} = 𝒢(ℎ(𝑠)𝑙𝑜𝑔𝑎 − 𝛽)                                         (4) 

Proof: By using MSEK transform in (1), we have 

𝑀𝑎{𝑒𝛽𝜏𝑓(𝜏)} = 𝑔(𝑠) ∫ 𝑓(𝜏)𝑒𝛽𝜏𝑎−ℎ(𝑠)𝜏𝑑𝜏  
∞

0
= 𝑔(𝑠) ∫ 𝑒−(ℎ(𝑠)𝑙𝑜𝑔𝑎−𝛽)𝜏𝑑𝜏  

∞

0
 

= 𝒢(ℎ(𝑠)𝑙𝑜𝑔𝑎 − 𝛽)                                       □                                      

Theorem (4): (second Shifting) 

If 𝑀𝑎{𝑓(𝜏)} = 𝒢(𝑠) is the MSEK transform for the function 𝑓(𝜏) and  

𝑢(𝜏) = { 
𝑓(𝜏 − 𝛽)        𝑖𝑓    𝜏 > 𝛽
      0                  𝑖𝑓   𝜏 < 𝛽  

       

then 

𝑀𝑎{𝑢(𝜏)} = 𝑎−ℎ(𝑠)𝛽𝑀𝑎{𝑓(𝜏)}                                       (5) 

Proof: In view (1), we have  

𝑀𝑎{𝑢(𝜏)} = 𝑔(𝑠) ∫ 𝑢(𝜏)𝑎−ℎ(𝑠)𝜏𝑑𝜏  
∞

0
= 𝑔(𝑠) ∫ 𝑓(𝜏 − 𝛽)𝑎−ℎ(𝑠)𝜏∞

𝜏=𝛽
 𝑑𝜏 , Setting 𝜏 − 𝛽 = 𝛾 and change 

of variables leads to (5).                                                                                          □ 

Theorem (5): (change of scale) 

If 𝑀𝑎{𝑓(𝜏)} = 𝒢(𝑠), then 

𝑀𝑎{𝑓(𝜌𝜏)} =
1

𝜌
𝑀𝑎 {

𝑠

𝜌
}                                                  (6) 

Proof: Using (1), we get  

𝑀𝑎{𝑓(𝜌𝜏)} = 𝑔(𝑠) ∫ 𝑓(𝜌𝜏)𝑎−ℎ(𝑠)𝜏𝑑𝜏 ,
∞

0
 putting 𝜌𝜏 = 𝛾 and change of variables we have 

𝑀𝑎{𝑓(𝜌𝜏)} =
1

𝜌
{𝑔(𝑠) ∫ 𝑓(𝜏)𝑎−ℎ(𝑠)𝜏𝑑𝜏  

∞

0
} =

1

𝜌
𝒢 {

𝑠

𝜌
}  

□ 

3.2 The MSEK transform of some elementary functions: 

In this section, Eq. (1) is used to get the generalized transforms for some basic functions 

as below: 

i) If 𝑓(𝜏) = 𝑘 , where 𝑘is constant, then:  

𝑀𝑎{𝑘} =
𝑘𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎
                                                         (7) 

ii) If 𝑓(𝜏) = 𝜏𝑛, 𝑛 ∈ 𝑁, then:  

𝑀𝑎{𝜏𝑛} = 𝑔(𝑠) ∫ 𝜏𝑛𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏  
∞

0

 

and using integrations by part, we get  
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𝑀𝑎{𝜏
𝑛} =

𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑛+1
∫ 𝑣𝑛𝑒−𝑣𝑑𝑣 

∞

0

 

By the definition of the gamma function, Eq. (8) is obtained.  

𝑀𝑎{𝜏
𝑛} =    

𝑔(𝑠)Γ(𝑛 + 1)

[ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑛+1
 , 𝑅𝑒(𝑛 + 1) > 0                     (8) 

iii) If 𝑓(𝜏) = 𝑒𝜌𝜏 , where 𝜌 is constant, then:  

𝑀𝑎{𝑒
𝜌𝜏} = 𝑔(𝑠) ∫ 𝑒𝜌𝜏𝑎−ℎ(𝑠)𝜏𝑑𝜏

∞

0

 

= 𝑔(𝑠) ∫ 𝑒−(ℎ(𝑠)𝑙𝑜𝑔𝑎−𝜌)𝜏𝑑𝜏  
∞

0

 

𝑀𝑎{𝑒
𝜌𝜏} =

𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎 − 𝜌
                                                         (9) 

iv) If 𝑓(𝜏) = 𝑠𝑖𝑛(𝜌𝜏) , where 𝜌 is constant, then: 

𝑀𝑎{𝑠𝑖𝑛(𝜌𝜏)} = 𝑔(𝑠) ∫ (
𝑒𝜌𝑖𝜏 − 𝑒−𝜌𝑖𝜏

2𝑖
) 𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏  

∞

0

 

=
𝑔(𝑠)

2𝑖
∫ {𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎−𝜌𝑖}𝜏 − 𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎+𝜌𝑖}𝜏}𝑑𝜏 

∞

0

  

𝑀𝑎{𝑠𝑖𝑛(𝜌𝜏)} =
𝜌 𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 𝜌2
                                                          (10) 

v) If 𝑓(𝜏) = 𝑐𝑜𝑠(𝜌𝜏) , where 𝜌 is constant, then:  

𝑀𝑎{𝑐𝑜𝑠(𝜌𝜏)} = 𝑔(𝑠) ∫ (
𝑒𝜌𝑖𝜏 + 𝑒−𝜌𝑖𝜏

2
) 𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏  

∞

0

 

=
𝑔(𝑠)

2
∫ {𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎−𝜌𝑖}𝜏 + 𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎+𝜌𝑖}𝜏}𝑑𝜏 

∞

0

 

𝑀𝑎{𝑐𝑜𝑠(𝜌𝜏)} =
 𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 𝜌2
                                                           (11) 

vi) If 𝑓(𝜏) = 𝑠𝑖𝑛ℎ(𝜌𝜏) , where 𝜌 is constant, then:  

𝑀𝑎{𝑠𝑖𝑛ℎ(𝜌𝜏)} = 𝑔(𝑠) ∫ (
𝑒𝜌𝜏 − 𝑒−𝜌𝜏

2
) 𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏  

∞

0

 

=
𝑔(𝑠)

2
∫ {𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎−𝜌}𝜏 − 𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎+𝜌}𝜏}𝑑𝜏 

∞

0

 

𝑀𝑎{𝑠𝑖𝑛ℎ(𝜌𝜏)} =
𝜌 𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 − 𝜌2
                                                           (12) 

vii) If 𝑓(𝜏) = 𝑐𝑜𝑠ℎ(𝜌𝜏) , where 𝜌 is constant, then : 

𝑀𝑎{𝑐𝑜𝑠ℎ(𝜌𝜏)} = 𝑔(𝑠) ∫ (
𝑒𝜌𝜏 + 𝑒−𝜌𝜏

2
) 𝑒−ℎ(𝑠)𝜏𝑙𝑜𝑔𝑎𝑑𝜏  

∞

0

  

=
𝑔(𝑠)

2
∫ {𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎−𝜌}𝜏 + 𝑒−{ℎ(𝑠)𝑙𝑜𝑔𝑎+𝜌}𝜏}𝑑𝜏 

∞

0
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𝑀𝑎{𝑐𝑜𝑠ℎ(𝜌𝜏)} =
 𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 − 𝜌2
                                                                     (13) 

Theorem (6): suppose 𝑓(𝜏) is n- times continuously differentiable on [0,∞) and of 

exponential order 𝛼 > 0, then  𝑀𝑎{𝑓
(𝑛)(𝜏)}, 𝑛 =  0,1,2, … exist for ℎ(𝑠) >

𝛼

𝑙𝑜𝑔𝑎
 and  

𝑀𝑎{𝑓
(𝑛)(𝜏)} = [ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑛𝑀𝑎{𝑓(𝜏)} − 𝑔(𝑠) ∑[ℎ(𝑠)𝑙𝑜𝑔𝑎](𝑛−1)−𝑤𝑓(𝑤)(0)           (14)

𝑛−1

𝑤=0

 

Proof: From the definition in Eq. (1) for 𝑛 = 1, we obtain  

𝑀𝑎{𝑓
′(𝜏)} = 𝑔(𝑠)∫ 𝑓′(𝑡)𝑎−ℎ(𝑠)𝑡𝑑𝑡

∞

0

 

By using the integration by parts and setting 𝑢 = 𝑎−ℎ(𝑠)𝑡 ,   𝑑𝑣 = 𝑓′(𝑡)𝑑𝑡 , we get that  

𝑀𝑎{𝑓′(𝜏)} = −𝑔(𝑠)𝑓(0) + [ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑔(𝑠)∫ 𝑓(𝜏)𝑎−ℎ(𝑠)𝜏𝑑𝜏
∞

0

 

= [ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑀𝑎{𝑓(𝜏)} − 𝑔(𝑠)𝑓(0)                                                                   (15) 

Now, suppose Eq. (14) is true for n=k, i.e. 

𝑀𝑎{𝑓(𝑘)(𝜏)} = [ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑘𝑀𝑎{𝑓(𝜏)}   

− 𝑔(𝑠) ∑[ℎ(𝑠)𝑙𝑜𝑔𝑎](𝑘−1)−𝑤𝑓(𝑤)(0)                                                                     (16)

𝑘−1

𝑤=0

 

By using Eq. (15) and Eq. (16), yield:   

𝑀𝑎{(𝑓
(𝑘)(𝜏))

′
} = [ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑀𝑎{𝑓(𝑘)(𝜏)} − 𝑔(𝑠)𝑓(𝑘)(0) 

= ℎ(𝑠)𝑙𝑜𝑔𝑎 {[ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑘𝑀𝑎{𝑓(𝜏)} − 𝑔(𝑠) ∑[ℎ(𝑠)𝑙𝑜𝑔𝑎](𝑘−1)−𝑤𝑓(𝑤)(0)

𝑘−1

𝑤=0

} − 𝑔(𝑠)𝑓(𝑘)(0) 

= [ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑘+1𝑀𝑎{𝑓(𝜏)} − 𝑔(𝑠) ∑[ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑘−𝑤𝑓(𝑤)(0)   

𝑘

𝑤=0

 

Which implies that Eq. (14) holds for 𝑛 = 𝑘 + 1 by induction hypothesis.                              

□                    

4. Applications of the MSEK transform  

In this part, we employed the proposed new general transform (MSEK) for solving linear 

equation of order 𝑛 with constant coefficient as  

𝐿(𝐷)[𝑦(𝑥)] = 𝐷𝑛𝑦(𝑥) + 𝑎1𝐷
𝑛−1𝑦(𝑥) + 𝑎2𝐷

𝑛−2𝑦(𝑥) + ⋯+ 𝑎𝑛𝑦(𝑥) = 𝜑(𝑥)          (17) 

With the initial conditions 

𝑦(𝑥0) = 𝑦0 , 𝐷𝑦(𝑥1) = 𝑦1, 𝐷
2𝑦(𝑥2) = 𝑦2 , … , 𝐷𝑛−1𝑦(𝑥𝑛−1) = 𝑦𝑛−1 

where 𝐷 =
𝑑

𝑑𝑥
 is the differential operator. 𝑦0 , 𝑦1, 𝑦2 , … , 𝑦𝑛−1 and. 𝑎1 , 𝑎2, 𝑎3 , … , 𝑎𝑛 are 

constants. The MSEK transform applied on both sides of Eq. (17) 

𝑀𝑎{𝐷𝑛𝑦(𝑥)} + 𝑎1𝑀𝑎{𝐷
𝑛−1𝑦(𝑥)} + 𝑎2𝑀𝑎{𝐷𝑛−2𝑦(𝑥)} + ⋯ + 𝑎𝑛𝑀𝑎{𝑦(𝑥)} = 𝑀𝑎{𝜑(𝑥)} 
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Using Th. (8), we have  

{[ℎ(𝑠) 𝑙𝑜𝑔𝑎]𝑛𝒢(𝑠) − 𝑔(𝑠) ∑[ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑛−𝑤−1𝑦(𝑤)(0)

𝑛−1

𝑤=0

}

+ 𝑎1 {[ℎ(𝑠) 𝑙𝑜𝑔𝑎]𝑛−1𝒢(𝑠) − 𝑔(𝑠) ∑[ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑛−𝑤−2𝑦(𝑤)(0)

𝑛−2

𝑤=0

} 

+⋯ + 𝑎𝑛𝒢(𝑠) =  𝜑(𝑠)                  (18) 

after substituting the initial conditions in Eq. (18), we get 

𝑝(𝑠)𝒢(𝑠) = 𝜑(𝑠) + 𝜓(𝑠)                                                  (19) 

where 𝑝(𝑠) = {[ℎ(𝑠) 𝑙𝑜𝑔𝑎]𝑛 + 𝑎1[ℎ(𝑠) 𝑙𝑜𝑔𝑎]𝑛−1 + ⋯+ 𝑎𝑛}, 𝜑(𝑠) = 𝑀𝑎{𝜑(𝑥)} and 

𝜓(𝑠) =  𝑔(𝑠) [∑[ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑛−𝑤−1𝑦𝑛−1 +

𝑛−1

𝑤=0

𝑎1 ∑[ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑛−𝑤−2𝑦𝑛−2 + ⋯+

𝑛−2

𝑤=0

𝑦0] 

From Eq. (18), Eq. (19) will be found. 

𝒢(𝑠) =
𝜑(𝑠)

𝑝(𝑠)
+

𝜓(𝑠)

𝑝(𝑠)
 ,            𝒢(𝑠) =  𝑀𝑎{𝑦(𝑥)}                    (20) 

By applying the inverse MSEK transform to both sides of Eq. (20), we obtain the exact 

solution  

𝑦(𝑥) = 𝑀𝑎
−1 {

𝜑(𝑠)

𝑝(𝑠)
} + 𝑀𝑎

−1 {
𝜓(𝑠)

𝑝(𝑠)
} 

The MSEK transform's application was also expanded to encompass systems of ordinary 

differential equations.  To get exact solutions of the differential systems, all the MSEK 

transform's properties and theorems, Cramer's rule, and Maple software are applied. 

Example 1. Consider the following third-order ODE 

𝑦′′′(𝑥) − 3𝑦′′(𝑥) + 3𝑦′(𝑥) − 𝑦(𝑥) = 𝑥𝑒𝑥                              (21) 

With the initial conditions  

 𝑦(0) = 1, 𝑦′(0) = 0, 𝑦′′(0) =
1

2
                                             (22) 

Applying the MSEK transform to both sides of Eq. (21), we get 

𝑀𝑎{𝑦′′′(𝑥)} − 3𝑀𝑎{𝑦′′(𝑥)} + 3𝑀𝑎{𝑦
′(𝑥)} − 𝑀𝑎{𝑦(𝑥)} = 𝑀𝑎{𝑥𝑒𝑥}                               

Using the initial conditions in (22), Eq. (23) is valid. 

−
𝑔(𝑠)

2
− 𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + [ℎ(𝑠)𝑙𝑜𝑔𝑎]3𝒢(𝑠) − 3[ℎ(𝑠)𝑙𝑜𝑔𝑎]2𝒢(𝑠) + 3𝑔(𝑠) ℎ(𝑠)𝑙𝑜𝑔𝑎 + 3ℎ(𝑠)𝑙𝑜𝑔𝑎𝒢(𝑠)

− 3𝑔(𝑠) − 𝒢(𝑠) =
𝑔(𝑠)

[ℎ(𝑠) 𝑙𝑜𝑔𝑎 − 1]2
                                    (23) 

Simplifying Eq. (23), we get 

([ℎ(𝑠)𝑙𝑜𝑔𝑎]3 − 3[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 3ℎ(𝑠)𝑙𝑜𝑔𝑎 − 1)𝒢(𝑠)

=
𝑔(𝑠)

[ℎ(𝑠) 𝑙𝑜𝑔𝑎 − 1]2
+

7𝑔(𝑠)

2
+ 𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 − 3𝑔(𝑠) ℎ(𝑠)𝑙𝑜𝑔𝑎              
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Solving the last equation for 𝒢(𝑠) leads to  

𝒢(𝑠) =
𝑔(𝑠)

[ℎ(𝑠) 𝑙𝑜𝑔𝑎 − 1]5
+

7

2

𝑔(𝑠)

[ℎ(𝑠) 𝑙𝑜𝑔𝑎 − 1]3
+

𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2

[ℎ(𝑠) 𝑙𝑜𝑔𝑎 − 1]3
−

3𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎

[ℎ(𝑠)𝑙𝑜𝑔𝑎 − 1]3
 

(24) 

By using Maple software, we have expanded the partial fractions in Eq. (24) to become  

𝒢(𝑠) =
𝑔(𝑠)

[ℎ(𝑠) 𝑙𝑜𝑔𝑎 − 1]5
+

3

2

𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎 − 1]3
−

𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎 − 1]2
+

𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎 − 1
 

(25) 

Taking the inverse 𝑀𝑎
−1  to both sides of Eq. (25), gives the exact solution of (21) - (22) in 

the form  

𝑦(𝑥) =
1

24
𝑥4𝑒𝑥 +

3

4
𝑥2𝑒𝑥 − 𝑥𝑒𝑥 + 𝑒𝑥 

Example 2. Consider the following fourth-order ODE 

𝑦(4)(𝑥) − 𝑦(𝑥) = 𝑠𝑖𝑛𝑥                                                   (26) 

Subject to the initial conditions      

𝑦(0) = 𝑦′(0) = 𝑦′′(0) = 𝑦′′′(0) = 0                                (27) 

Applying the MSEK transform to both sides of Eq. (26), we get 

𝑀𝑎{𝑦
(4)(𝑥)} − 𝑀𝑎{𝑦(𝑥)} = 𝑀𝑎{𝑠𝑖𝑛𝑥} 

Using the initial conditions in (27), Eq. (28) holds 

[ℎ(𝑠)𝑙𝑜𝑔𝑎]4𝒢(𝑠) − 𝒢(𝑠) =
𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1
                          (28) 

Simplifying and solving Eq. (28) for 𝐺(𝑠) leads to  

𝒢(𝑠) =
𝑔(𝑠)

([ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1)([ℎ(𝑠)𝑙𝑜𝑔𝑎]4 − 1)
                           (29) 

The fraction in Eq. (29) has been expanded by using Maple software, to become 

𝒢(𝑠) =
𝑔(𝑠)

4([ℎ(𝑠)𝑙𝑜𝑔𝑎]2 − 1)
−

𝑔(𝑠)

4([ℎ(𝑠) 𝑙𝑜𝑔𝑎]2 + 1)
−

𝑔(𝑠)

2([ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1)2
       (30) 

Taking 𝑀𝑎
−1  to both sides of Eq. (30), gives the exact solution of (26) - (27) in the form  

𝑦(𝑥) =
1

4
𝑠𝑖𝑛ℎ𝑥 +

1

4
𝑥𝑐𝑜𝑠𝑥 −

1

2
𝑠𝑖𝑛𝑥 

Example 3. Consider the following fifth-order ODE  

𝑦(5)(𝑥) − 5𝑦′′′(𝑥) + 4𝑦′(𝑥) = 0                                    (31) 

Subject to the initial conditions 

𝑦(0) = 3, 𝑦′(0) = −5, 𝑦′′(0) = 11, 𝑦′′′(0) = −23, 𝑦(4)(0) = 47                               (32) 

Apply MSEK transform to both sides of Eq. (31), we get 

𝑀𝑎{𝑦
(5)(𝑥)} − 5𝑀𝑎{𝑦

′′′(𝑥)} + 4𝑀𝑎{𝑦
′(𝑥)} = 0 
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Using the initial conditions in (32) to obtain 

{[ℎ(𝑠)𝑙𝑜𝑔𝑎]5 − 5[ℎ(𝑠)𝑙𝑜𝑔𝑎]3 + 4[ℎ(𝑠)𝑙𝑜𝑔𝑎]} 𝒢(𝑠) = 

= 𝑔(𝑠) {3[ℎ(𝑠) 𝑙𝑜𝑔𝑎]4 − 5[ℎ(𝑠)𝑙𝑜𝑔𝑎]3 − 4[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 2ℎ(𝑠)𝑙𝑜𝑔𝑎 + 4} 

(33) 

Simplifying and solving Eq. (33) for 𝒢(𝑠) leads to  

𝒢(𝑠) =
𝑔(𝑠){3[ℎ(𝑠)𝑙𝑜𝑔𝑎]4 − 5[ℎ(𝑠)𝑙𝑜𝑔𝑎]3 − 4[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 2ℎ(𝑠)𝑙𝑜𝑔𝑎 + 4}

[ℎ(𝑠)𝑙𝑜𝑔𝑎]5 − 5[ℎ(𝑠)𝑙𝑜𝑔𝑎]3 + 4[ℎ(𝑠)𝑙𝑜𝑔𝑎]
     (34) 

By using Maple software for partial fractions method, we have expanded Eq. (34) to 

become 

𝒢(𝑠) =
𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎
−

𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎 + 1
+

3𝑔(𝑠)

ℎ(𝑠) 𝑙𝑜𝑔𝑎 + 2
                              (35) 

Taking 𝑀𝑎
−1  to both sides of Eq. (35), gives the exact solution of (31) - (32) in the form  

𝑦(𝑥) = 1 − 𝑒−𝑥 + 3𝑒−2𝑥 

Example 4. Consider the following system  

𝑥1
′′ + 3𝑥1 − 2𝑥2 = 0 

𝑥1
′′ + 𝑥2

′′ − 3𝑥1 + 2𝑥2 = 0                                                  (36) 

Subject to   

𝑥1(0) = 𝑥2(0) = 0,   𝑥1
′(0) = 3, 𝑥2

′ (0) =  0                                   (37) 

Applying MSEK transformation to both sides of sys. (36), we get 

𝑀𝑎{𝑥1
′′} + 3𝑀𝑎{𝑥1} − 2𝑀𝑎{𝑥2} = 0 

𝑀𝑎{𝑥1
′′} + 𝑀𝑎{𝑥2

′′} − 3𝑀𝑎{𝑥1} + 5𝑀𝑎{𝑥2} = 0 

Using the initial conditions in (37) to obtain 

{[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 3}𝑋1(𝑠) + 2𝑋2(𝑠) = 3𝑔(𝑠)   

{[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 − 3}𝑋1(𝑠) + {[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 5}𝑋2(𝑠) = 5𝑔(𝑠)              (38) 

Where  𝑋1(𝑠), 𝑋2(𝑠) is the MSEK transform for 𝑥1(𝜏) and 𝑥2(𝜏) respectively. Solving the 

sys. (38) for 𝑋1(𝑠) and 𝑋2(𝑠), we get 

𝑋1(𝑠) =

|
3𝑔(𝑠) −2

5𝑔(𝑠) [ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 5
|

|
[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 3 −2

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 − 3 [ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 5
|

=
3𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 25𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎]4 + 10[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 9
 

𝑋2(𝑠) =

|
[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 3 3𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 − 3 5𝑔(𝑠)
|

|
[ℎ(𝑠) 𝑙𝑜𝑔𝑎]2 + 3 −2

[ℎ(𝑠) 𝑙𝑜𝑔𝑎]2 − 3 [ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 5
|

=
2 𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 24 𝑔(𝑠)

[ℎ(𝑠) 𝑙𝑜𝑔𝑎]4 + 10[ℎ(𝑠) 𝑙𝑜𝑔𝑎]2 + 9
 

(39) 

By partial fractions sys. (38) becomes 



III. Dubai International Conference of Pure, Applied and Technological Sciences 

 

 

30  

 

𝑋1(𝑠) =
𝑔(𝑠)

4([ℎ(𝑠) 𝑙𝑜𝑔𝑎]2 + 9)
+

11 𝑔(𝑠)

4([ℎ(𝑠) 𝑙𝑜𝑔𝑎]2 + 1)
 

𝑋2(𝑠) =
−3𝑔(𝑠)

4([ℎ(𝑠) 𝑙𝑜𝑔𝑎]2 + 9)
+

11 𝑔(𝑠)

4([ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1)
                              (40) 

Taking the inverse 𝑀𝑎
−1  to both sides of sys. (40), gives the exact solution of (36) - (37) 

in the form 

𝑥1(𝑡) =
1

12
𝑠𝑖𝑛3𝑡 +

11

4
𝑠𝑖𝑛𝑡 

𝑥2(𝑡) =
11

4
𝑠𝑖𝑛𝑡 −

1

4
𝑠𝑖𝑛3𝑡 

Example 5. Consider the following system  

𝑥1
′′ + 𝑥1 − 𝑥2

′′ − 4𝑥2 = 0 

𝑥1
′ + 𝑥2

′ = 𝑐𝑜𝑠𝜏 + 2𝑐𝑜𝑠2𝜏                                                             (41) 

Subject to                                 𝑥1(0) = 𝑥2(0) = 0,   𝑥1
′(0) = 1, 𝑥2

′ (0) = 2                            (42) 

Applying MSEK transformation to both sides of sys. (41), we get 

𝑀𝑎{𝑥1
′′} + 𝑀𝑎{𝑥1} − 𝑀𝑎{𝑥2

′′} − 4𝑀𝑎{𝑥2} = 0 

𝑀𝑎{𝑥1
′} + 𝑀𝑎{𝑥2

′ } = 𝑀𝑎{𝑐𝑜𝑠𝜏} + 2𝑀𝑎{𝑐𝑜𝑠2𝜏} 

Using the initial conditions in (42) we obtain 

{[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1}𝑋1(𝑠) − {[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 4}𝑋2(𝑠) = −𝑔(𝑠)   

[ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑋1(𝑠) + [ℎ(𝑠)𝑙𝑜𝑔𝑎]𝑋2(𝑠) =
𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1
+

2𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 4
                       (43) 

Where 𝑋1(𝑠), 𝑋2(𝑠) is the MSEK transform for 𝑥1(𝜏) and 𝑥2(𝜏) respectively. Solving the 

sys. (43) for 𝑋1(𝑠) and 𝑋2(𝑠), we get 

𝑋1(𝑠) =

|
−𝑔(𝑠) −([ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 4)

𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎
[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1

+
2𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎
[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 4

ℎ(𝑠)𝑙𝑜𝑔𝑎
|

|
[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1 −([ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 4)

ℎ(𝑠)𝑙𝑜𝑔𝑎 ℎ(𝑠)𝑙𝑜𝑔𝑎
|

=
𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1
 

𝑋2(𝑠) =

|

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1 −𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎
𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1
+

2𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎
[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 4

|

|
[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 1 −([ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 4)

ℎ(𝑠)𝑙𝑜𝑔𝑎 ℎ(𝑠)𝑙𝑜𝑔𝑎
|

=
2𝑔(𝑠)

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 4
 

(44) 

Taking the inverse 𝑀𝑎
−1  to both sides of sys. (44), gives the exact solution of (41) - (42) 

in the form  

𝑥1(𝜏) = 𝑠𝑖𝑛𝜏 ,   𝑥2(𝜏) = 𝑠𝑖𝑛2𝜏 

Example 6. Consider the following system  

𝑥1
′′ − 𝑥2 + 2𝑥3 = 3𝑒−𝜏 



Full Text Book of III. Dubai International Conference of Pure, Applied and Technological Sciences 

 

31  

 

−2𝑥1
′ + 2𝑥2

′ + 𝑥3 = 0 

2𝑥1
′ − 2𝑥2 + 𝑥3

′ + 2𝑥3
′′ = 0                                                 (45) 

Subject to           

𝑥1(0) = 1, 𝑥2(0) = 2, 𝑥3(0) = 2  𝑥1
′(0) = 1, 𝑥3

′ (0) = −2                              (46) 

Applying MSEK transformation to both sides of sys. (45), we get 

𝑀𝑎{𝑥1
′′} − 𝑀𝑎{𝑥2} + 2𝑀𝑎{𝑥3} = 3𝑀𝑎{𝑒

−𝜏} 

−2𝑀𝑎{𝑥1
′} + 2𝑀𝑎{𝑥2

′ } + 3𝑀𝑎{𝑥3} = 0 

2𝑀𝑎{𝑥1
′} − 2𝑀𝑎{𝑥2} + 𝑀𝑎{𝑥3

′ } = 2𝑀𝑎{𝑥3
′′} 

Using the initial conditions in (46) to obtain 

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2𝑋1(𝑠) − 𝑋2(𝑠) + 2𝑋3(𝑠) =
𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 2𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎 + 4𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎 + 1
  

−2ℎ(𝑠)𝑙𝑜𝑔𝑎 𝑋1(𝑠) + 2ℎ(𝑠)𝑙𝑜𝑔𝑎 𝑋2(𝑠) + 𝑋3(𝑠) = 2𝑔(𝑠)  

2ℎ(𝑠)𝑙𝑜𝑔𝑎 𝑋1(𝑠) − 2𝑋2(𝑠) + {2[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + ℎ(𝑠)}𝑋3(𝑠) = 4𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎                       (47) 

In matrix form, sys. (47) becomes 

[

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 −1 2

−2ℎ(𝑠)𝑙𝑜𝑔𝑎 2ℎ(𝑠)𝑙𝑜𝑔𝑎 1

2ℎ(𝑠)𝑙𝑜𝑔𝑎 −2 {2[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + ℎ(𝑠)}

] [

𝑋1(𝑠)

𝑋2(𝑠)

𝑋3(𝑠)
] = 

[
 
 
 
𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 2𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎 + 4𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎 + 1
 

2𝑔(𝑠)

4𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎 ]
 
 
 

 

(48) 

Where 𝑋1(𝑠), 𝑋2(𝑠) and 𝑋3(𝑠) are the MSEK transform for 𝑥1(𝜏), 𝑥2(𝜏) and 𝑥3(𝜏)   

respectively, solving the sys. (48) for 𝑋1(𝑠), 𝑋2(𝑠) and 𝑋3(𝑠) by using Crammer’s rule and 

Maple software to calculate the determinates, we get 

𝑋1(𝑠) ==

||

𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 2𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎 + 4𝑔(𝑠)
ℎ(𝑠)𝑙𝑜𝑔𝑎 + 1

−1 2

2𝑔(𝑠) 2ℎ(𝑠)𝑙𝑜𝑔𝑎 1

4𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎 −2  {2[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + ℎ(𝑠)}

||

|

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 −1 2

−2ℎ(𝑠)𝑙𝑜𝑔𝑎 2ℎ(𝑠)𝑙𝑜𝑔𝑎 1

2ℎ(𝑠)𝑙𝑜𝑔𝑎 −2  {2[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + ℎ(𝑠)}
|

 

=
𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎 − 1
 

𝑋2(𝑠) ==

||

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2
𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 2𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎 + 4𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎 + 1
2

−2ℎ(𝑠)𝑙𝑜𝑔𝑎 2𝑔(𝑠) 1

2ℎ(𝑠)𝑙𝑜𝑔𝑎 4𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎 {2[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + ℎ(𝑠)}

||

|

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 −1 2

−2ℎ(𝑠)𝑙𝑜𝑔𝑎 2ℎ(𝑠)𝑙𝑜𝑔𝑎 1

2ℎ(𝑠)𝑙𝑜𝑔𝑎 −2  {2[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + ℎ(𝑠)}
|
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=
2𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎

(ℎ(𝑠)𝑙𝑜𝑔𝑎)2 − 1
 

𝑋3(𝑠) ==

||

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 2
𝑔(𝑠)[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + 2𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎 + 4ℎ(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎 + 1

−2ℎ(𝑠)𝑙𝑜𝑔𝑎 1 2𝑔(𝑠)

2ℎ(𝑠)𝑙𝑜𝑔𝑎 {2[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + ℎ(𝑠)} 4𝑔(𝑠)ℎ(𝑠)𝑙𝑜𝑔𝑎

||

|

[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 −1 2

−2ℎ(𝑠)𝑙𝑜𝑔𝑎 2ℎ(𝑠)𝑙𝑜𝑔𝑎 1

2ℎ(𝑠)𝑙𝑜𝑔𝑎 −2  {2[ℎ(𝑠)𝑙𝑜𝑔𝑎]2 + ℎ(𝑠)}
|

 

=
−2𝑔(𝑠)

ℎ(𝑠)𝑙𝑜𝑔𝑎+1
                                                                                                  (49) 

Taking the inverse 𝑀𝑎
−1  to both sides of sys. (49), gives the exact solution of (45) - (46) 

in the form  

𝑥1(𝜏) = 𝑒𝜏 ,   𝑥2(𝜏) = 2𝑐𝑜𝑠ℎ𝜏  , 𝑥3(𝜏) = −2𝑒−𝜏 

5. Discussion and Conclusion 

The MSEK transform, a newly designed general integral transform, was implemented 

into the study. The inverse, convergence, practical characteristics, and applications of the 

MSEK transform for resolving differential equations and systems have all been examined.  It 

can be readily used for ordinary differential equations of the nth order and systems of ordinary 

differential equations by transforming them into straightforward algebraic equations that are 

simple to solve. To demonstrate the transformation's simplicity and efficacy, we provide 

different numerical examples, the study focuses on solving equations of the third, fourth, and 

fifth orders, as well as systems of equations, irrespective of the number of equations and 

orders that are added. In every instance, the approach was successful in determining the 

exact solutions, indicating the potential for the suggested strategy to further improve 

knowledge of science. The MSEK transform is a specific instance of all transforms in the 

Laplace transform class, which was established in the last few decades. Several additional 

integral transforms can be built by selecting new forms for g(s) and h(s) based on their 

definitions. The MSEK transform's power lies in its ability to cover nearly all integral 

transforms, including Laplace, Ezaki, Sumudu, SEE, and others, given a variety of g(s) and 

h(s) possibilities when 𝑎 = 𝑒 these benefits lead us to the conclusion that the suggested 

integral transform is extremely efficient based on its mathematical formulations, 

simplicity, and results 
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Abstract : 

Pulsed laser deposition (PLD) was used to create PbS thin films with thicknesses of 150 and 250 nm on glass 

substrates at room temperature. The films were then annealed at 373, 473, and 523 K. AFM, DC conductivity, 

and Hall Effect measurements were used to examine the effects of annealing temperature and film thickness on 

the morphological and electrical characteristics of the films. The findings demonstrated that whereas the 

opposite tendencies were seen with increasing annealing temperature, the grain size decreased with increasing 

film thickness. The electrical activation energies, carrier concentration, the average velocity of charged 

particles, Hall mobility, carrier lifetime, and mean free path exhibited similar dependencies on the annealing 

temperature and film thickness. These findings demonstrate that the PLD technique can be utilized to tune the 

formation and electrical behavior of PbS thin films for various applications. Because PbS has a straight band 

gap, electrons may go from the valence band to the conduction band without altering their momentum, 

producing light. It has potential applications in infrared detectors, solar cells, diodes, lasers, sensors, coatings, 

photocatalysts, thermoelectric, and biotechnology. 

Keywords: Lead(II) sulfide (PbS) , Structural Properties, Electrical Properties, Pulse Laser Deposition 

Technique. 
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1. Introduction 

PbS is the chemical formula for lead sulfide, an inorganic substance. Galena, the 

primary mineral and significant compound of lead, is another name for it. Because of its 

propensity to crystallize in sodium chloride, it is among the first materials to be employed as 

a semiconductor [1]. Lead sulfide is a distinctive straight band gap material that has attracted 

a lot of scientific interest, particularly in solar cell and infrared sensing applications. It is a 

semiconductor with a tiny band gap of about 0.4 eV. These two characteristics have led to its 

widespread application in several sectors. One of the earliest materials for electrical diodes 

capable of detecting electromagnetic radiation, including infrared light, was PbS [2]. Unlike 

thermal detectors, which react to a change in detector element temperature brought on by 

the radiation, PbS is an infrared sensor that directly detects light. Quantum dots and sulfide-

containing nanoparticles have been thoroughly investigated [3]. Lead salts and other sulfide 

sources are traditionally combined to create such compounds [3]. Among the IV-VI 

semiconductors, lead sulfide (PbS) is one of the better options and has a number of uses.  

Because of its high light absorption capacity and improved quantum efficiency, PbS is 

regarded as a strong candidate in nano-optoelectronics. It finds use in photography, lasers, 

sensors, coatings, photocatalysts, solar cells, biological fields, thermoelectric, etc. [4-7]. In 

this work, high-quality thin films were deposited, nanoparticles were created, and their 

characteristics were examined using the pulsed laser deposition technique. 

2. Experimental part 

PLD was used to create PbS films on glass substrates at room temperature in a 10-3 

mbar vacuum. Different temperatures (373, 473, and 523) were applied to the films [8]. Atomic 

force microscopy (AFM) was used to assess the films' shape and grain size (Scanning probe 

microscope type AA3000, Angstrom Advanced Company). The AFM data was also used to 

quantify the films' roughness. An electrical oven and a digital device that can detect and record 

tiny electric currents (Keithley 616) were used to assess DC conductivity. A device that 

employs the Van der Pauw approach to ascertain the electrical characteristics of materials 

(Ecopia HMS-3000) was used to test the Hall Effect parameters of the films. The sample was 

put in a four-point probe configuration with four ohmic contacts in order to quantify the 

carrier concentration. The carrier concentration (nH) was determined using the following 

formula [9] using the Hall coefficient (RH), which was derived from the Hall Effect 

measurements: 

nH =1/RH.q         (1) 

where the electron charge is denoted by q. The Hall coefficient is a measure of how much 

the electric current is deflected by a magnetic field in a material. The electron charge is a 

fundamental constant that represents the amount of electric charge carried by a single 

electron. According to the equation, the carrier concentration is inversely proportional to both 

the electron charge and the Hall coefficient, meaning that a lower carrier concentration is 

implied by either a lower electron charge or a higher Hall coefficient. the Hall mobility( µH) is 
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measure of how easily the electric current can flow in a material under the influence of a 

magnetic calculate and can be calculated from the (RH) and the conductivity (σ) [9]. 

µH=RH.σ         (2) 

A greater Hall coefficient or conductivity suggests a larger Hall mobility, since the 

equation demonstrates that the Hall mobility is directly proportional to the RH and 

conductivity. The drift velocity (υd) is measure of how fast the electric current moves in a 

material under an applied electric field and calculated from equation [9]: 

υd=E.σ/ nH.q        (3) 

According to the equation, the drift velocity is directly proportional to the electric field 

and conductivity and varies inversely with the carrier concentration and electron charge. This 

means that a higher drift velocity is implied by a higher electric field or conductivity, while a 

lower drift velocity is implied by a higher carrier concentration or a lower electron charge. The 

carrier lifetime (τ) is measure of how long an electric charge can exist in a material before it 

recombines with another charge of the opposite sign and calculated from the equation: 

τ=m*.σ/N.q2                                                                               (4) 

The effective mass m*is a measure of how much inertia an electric charge has in a 

material, which depends on the band structure of the material. The carrier lifetime is directly 

proportional to the effective mass and conductivity and inversely proportional to the carrier 

concentration and the square of the electron charge, according to the equation. This means 

that a higher effective mass or conductivity implies a longer carrier lifetime, while a higher 

carrier concentration or a lower electron charge implies a shorter carrier lifetime. The mean 

free path (ℓ) is measure of how far an electric charge can travel in a material before it collides 

with another particle or impurity and calculated from the equation 

ℓ=υd.τ                                                                                              (5) 

According to the equation, the mean free path is directly proportional to both the drift 

velocity and the carrier lifetime; hence, a larger mean free path is implied by either a greater 

drift velocity or a longer carrier lifetime. 

3. Results and discussion 

3.1 Morphological Properties: 

The morphology of PbS films on glass substrates was examined by AFM. We obtained 

the roughness and the average dimension of the crystallites in the films from the AFM images. 

These are important parameters to evaluate the surface quality and light-scattering properties 

of the films. Figures 1 and 2 show the AFM images of PbS films with thicknesses of 150 nm 

and 250 nm, respectively, annealed at different temperatures of RT, 373 K, 473 K, and 523 

K. The images reveal that the films have nanoscale grains and a homogeneous structure 

without voids, indicating a high density and a good deposition quality. Table 1 provides an 

overview of the films' average grain size and roughness characteristics. According to the 

statistics, the average grain size and roughness increase with the temperature at which the 

material is heated and cooled. The thinner film (150 nm) has a slightly lower roughness than 



III. Dubai International Conference of Pure, Applied and Technological Sciences  

 

 

38  

 

the thicker film (250 nm), which can be explained by the lower aggregation of nanoparticles 

in the thinner film. Table 1 shows that the average grain size of the films has a positive 

dependence on the annealing temperature and a negative dependence on the film thickness 

[10, 11]. 

 

 

 

Fig.1 Image taken by AFM for PbS at 

thickness 150nm at different temperatures a: 

RT, b: 373K, c: 473and d: 523K 

 

 

 

Fig. 2 Image taken by AFM for PbS at 

thickness 250nm at different temperatures 

a: RT, b: 373K, c: 473and d: 523K 

 

Table 1: The mean particle diameter, roughness, and height difference of the PbS film particles 

vary with the film thickness at RT and annealing temperatures (373,473 and 523). 

 

 

 

 

 

 

 

 

 

 

3.2 Electrical Properties: 

 As temperature varied, the films’ electrical conductivity was measured to investigate 

the conduction mechanisms and the activation energies in the thin films. For PbS films with 

thicknesses of 150 nm and 250 nm, respectively, that were produced by pulsed laser 

deposition (PLD) on glass substrates at room temperature and annealed at 373, 473, and 523 

K, Figures 3 and 4 display the logarithmic fluctuation in conductivity ln (σ) with the inverse 



Full Text Book of III. Dubai International Conference of Pure, Applied and Technological Sciences 

 

39  

 

of temperature (1000/T). The figures indicate that a pair of energy barriers that need to be 

overcome Ea1 and Ea2 occurred., corresponding to two different conduction behaviors. The 

higher activation energy Ea2 in the higher temperature range (413-473 K) was associated with 

the carrier excitation into the another state above the mobility edge, while the lower energy 

Ea1 in the lower temperature range (295-408 K) was related to the carrier excitation into the 

states near the band edge. Increasing the temperature of annealing resulted in higher values 

of Ea1 and Ea2., which could be attributed to the reduction of defects and the improvement 

of crystallinity in the films. As film thickness increased, the values of Ea1 and Ea2 likewise 

fell, which may be explained by the thicker films' increased absorption and lower band gap 

[8,9]. Table 2 demonstrates that as the thickness of the PbS sheets grew, so did their DC 

conductivity (σd.c). Additionally, it demonstrates that for all films, the (σd.c) dropped as the 

temperature rose. This could be due to the lower crystallinity and smaller grain size of the 

films, as discussed in the previous section. Our results matched the ones that were published 

by Levechenko et al. and al-Fawade [12,13]. 

 

 

 

 

 

 

 

 

 

Fig. 3. Plotting the direct current conductivity's natural logarithm against the inverse of 

temperature for PbS films with varying thicknesses and annealing temperatures is displayed. 

 

Fig. 4. Displays the change of Ea and Ta for films that had various thicknesses and annealing 

temperatures. 
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Fig. 5. Shows Hall parameters of PbS thin films. a-( nH), b-(μH), c- (Vd),  d-( τ) ,  e-( ℓ) 

Table 2: shows the direct current conductivity characteristics of PbS films with varying 

annealing temperatures and thicknesses. 

 

The films’ electric behavior was measured and analyzed by Hall Effect measurements. 

The carrier concentration (nH), the Hall mobility (μH), the carrier lifetime (τ), the drift velocity 

(vd), and the mean free path (ℓ) were determined as functions of film thickness (d) and 

annealing temperature (Ta). Figure 5 and Table 3 summarize the results of these 

measurements. Increasing Ta caused the n values to decrease, but increasing d caused the 

nH values to increase. The μH values increased with elevating Ta, while they decreased with 

d increasing. The τ, vd, and ℓ values were calculated from the μH values using the equations 

(3), (4) and (5),Figure 5 (c ,d, e) and Table 3 show that these parameters increased with raising 

Ta, while they decreased with Raising d. The annealing process's effects on the morphology 

and structure of the film are responsible for the fluctuation in these parameters [14, 15]. 

 

Thickness (nm) Ta (K) Ϭd.cR.T×10-5 (Ω.cm)-1 Ea1 (eV) 
Temp. 

Range (K) 
Ea2 (eV) 

Temp. 

Range (K) 

150 
 

295 1.42 0.034 293-403 0.077 408-473 

373 1.25 0.039 293-403 0.08 413-473 

473 1.24 0.042 293-403 0.11 413-473 

523 1.2 0.047 293-403 0.13 413-473 

250 

295 1.51 0.029 293-403 0.06 413-473 

373 1.45 0.032 293-403 0.073 413-473 

473 1.36 0.036 293-403 0.094 413-473 

523 1.29 0.043 293-403 0.12 413-473 
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Table 3: The variation of the Hall parameters concerning the film thickness and the heat 

treatment temperature  for PbS films. 

Thickness 

(nm) 
Ta(K) 

ϬR. T×10-5 

(cm.Ω) 

nH×1011 

(cm-3) 

μH×103  

(cm2/V.s) 
vd (cm/s) τ (s)´10-9 

ℓ × 10-9 

(cm) 

150 

295 7. 1 17.65 98.77 0.51 0. 34 0. 17 

373 7 12.65 212.4 0.69 0. 49 0.33 

473 6.88 10.51 321.98 0.81 0. 55 0.44 

523 6.10 8.96 427.11 0.85 0. 58 0.5 

250 

295 7.62 18.98 77.75 0. 50 0. 33 0. 16 

373 7.44 15.22 134.23 0.60 0. 41 0.24 

473 7.21 12.6 211.65 0.72 0. 48 0.34 

523 6.87 10.42 298.44 0.82 0. 55 0.45 

 

4. Conclusion 

Using a Nd:YAG laser with λ=1064 nm, PbS thin films of 150 and 250 nm thickness 

were deposited on glass substrates using the PLD technique at room temperature and various 

annealing temperatures (373, 473, and 523) K. The shape and electric behavior of the films 

were measured and analyzed in relation to the film thickness (d) and the heat treatment 

temperature (Ta). AFM was used to examine the films' shape and grain size. The AFM images 

of the films with different d and Ta values were obtained,. The images were analyzed using 

the ImageJ software and the average grain size (D) of the films was calculated. D was plotted 

as a function of d and Ta, as shown in Figure 2. D was directly proportional to Ta, but inversely 

proportional to d. We performed Hall Effect measurements to determine the carrier 

concentration )nH(, the Hall mobility)μH(, the drift velocity )vd(, the carrier lifetime )τ(, and 

the average free path )ℓ( of the films. His variation of these parameters with film thickness (d) 

and annealing temperature (Ta) was investigated. The findings indicated that increasing Ta 

caused nH to decrease, but increasing d caused n to increase. This indicated that the 

annealing process reduced n due to the formation of vacancies or defects that act as 

recombination centers for charge carriers. On the other hand, the increase in d increased nH 

due to the increased number of PbS molecules per unit area. It was also found that μH, vd, τ, 

and ℓ increased with increasing Ta, while they decreased with increasing d. This suggested 

that the annealing process improved μH, vd, τ, and ℓ due to the enhanced crystallinity and 

reduced grain boundary scattering of charge carriers. On the other hand, the decrease in d 

reduced μH, vd, τ, and ℓ due to the increased surface scattering of charge carriers  
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Abstract : 

In this paper we revision primly small retractable module as generalization from small retractable module and 

we give  characterizations of such modules. Also, we investigate relation between this concept and some kinds 

of modules. 
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Introduction  

Let D be unitary left module over ring with identity R. A sub-module Y of R-module D is 

small sub-module from D (Y ≪ D) if for some sub-module X from D such that D = Y + X, then 

X = D [1]. An R-module D is small retractable (S.R) whenever HomR(D, U) ≠ 0 for every non-

zero small sub-module U of D [2]. A sub-module N of R-module D is pure sub-module if for 

every finitely generated ideal Ι of R, ΙD ∩N = ΙN[3]. An R-module D is purely small retractable 

(Pu.S.R) whenever HomR(D, U) ≠ 0 for every non-zero pure small sub-module U from D. A ring 

R is Pu.S.R whenever R as R-module is Pu.S.R, that is HomR(R, I) ≠ 0 for every non-zero pure 

ideal I from R. A proper sub-module N of R-module D over ring R is prime sub-module if re 

∈ N for e ∈ D and r ∈R implies that e ∈ N or r∈ AnnR(D, N)[4]. An R-module D is primly small 

compressible (Pr.S.C) if D can be embedded in every of its non-zero prime small sub-module. 

That is D is Pr.S.C if there exists a monomorphism f ∶ D → U whenever U be non-zero prime 

small sub-module from D. A ring R is Pr.S.C whenever R as R-module is Pr.S.C. 

Primly small retractable modules 

Definition1 An R-module D is primly small retractable (Pr.S.R) if Hom(D, U) ≠ 0 for every 

non-zero prime small sub-module U from D. 

A ring R is Pr.S.R if R as R-module is Pr.S.R. 

Remarks and Examples2 

(1) Every S.R module is Pr.S.R, the converse is not true. For example: Q as Z-module is 

Pr.S.R since the only prime small sub-module from Q is 0, and Q is not S.R since Hom(Q, Z) =

0. 

(2) Every fully small prime module  D is Pr.S.R if and only if D is S.R. 

(3) Every Pr.S.C module is Pr.S.R, the opposite is not correct. For example,Z12 as Z-modu 

is Pr.S.R which is not Pr.S.C.  

(4) Every simple module be Pr.S.R but the opposite is not correct. 

(5) Let D be R-module. Then D be Pr.S.R R-module if and only if D be Pr.S.RR/annD-

module. 

(6) Let D  be  torsion-free module  such  that  [N: D] = 0  for  each  proper  small sub-

module N  from  D. Then D be Pr.S.R if and only if D be Pu.S.R.                                    

Proof: Since D be torsion-free and [N: D] = 0 for every proper small sub-module N from 

D implies N be prime small sub-module from D if and only if N be pure small sub-module 

from D [5]. Hence D is Pr.S.R if and only if D is Pu.S.R. 

(7) Let D be prime faithful module such that [N: D] = 0 for every proper small sub-module 

N of D. Then D is Pr.S.R if and only if D be Pu.S.R. 

Proof: Since D be faithful prime module implies D be torsion-free [6, Remark 1.1, p.33] 

thus by (6) D be Pr.S.R if and only if D be Pu.S.R.  

(8) Let D be prime module such that annD = [N: D] for each proper small sub-module N 

of D. Then D is Pr.S.R if and only if D is Pu.S.R . 
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Proof: From [6, proposition 1.3, p.34] we obtain N be prime small sub-module from D if 

and only if N be pure small sub-module from D. Therefore D is Pr.S.R if and only if D is Pu.S.R  

Proposition3  If  D1 and  D2 are two isomorphic modules, then D1   is Pr.S.R if and only 

if D2 is Pr.S.R. 

Proof: Assume that D1 
is Pr.S.R and let   φ ∶ D1 →  D 2  be an isomorphism and N be non-

zero prime small sub-module from D2.Thus φ(D1) ⊄ N, for if φ(D1) ⊂ N then D2 ⊆ N implies D2 =

N which is contradiction since N be prime small sub-module from D2. Thus φ−1(N) be prime 

small sub-module from D1 [7,proposition 1.2, p.1043]. Put  K = φ−1(N). since D1 is Pr.S.R, there 

exists f ∶ D1 → K be non-zero homomorphism with g
K

= thus g ∶ K → D 2  be homomorphism 

with g(k) = φ(φ−1(N)) = N, hence g ∶ K → N be homomorphism. Now, the composition   D 2

φ−1

→  D1

f
→ K

g
→N. Let h = gfφ−1, then h ∈ Hom (D2, N). 

If h = 0, then  0 = g(f(φ−1(D2))) = g(f(D1)) then  f (D1) ⊆ Kerg ⊆ Kerφ =  0. Thus f (D1 ) = 0, 

which is contradiction. Therefore HomR (D 2 , N) ≠ 0 thus D2 be  Pr.S.R 

Proposition4 Let D  be R-module  satisfying (*)  such  that EndR(D)  is  Boolean  ring.  If  

D  is  Pr.S.R, then  every  small sub-module from  D  is  Pr.S.R. 

Proof: Let U be nonzero small sub-module from D and k be non-zero prime small sub-

module of U. Thus Hom R
(D, K) ≠ 0. Let f ∶ D → K be non-zero homomorphism. Therefore f ∘ i ∶

U → K be homomorphism where i ∶ U → D be inclusion homomorphism. Claim f ∘ i ≠ 0, Suppose 

f ∘ i = 0, thus (f ∘ i)(U) = 0 = f(U), Also U ⊆ Kerf implies K ⊆ Kerf,  therefore f(D) ⊆ Ker f thus 

f(f(D)) = 0. Let j ∶ K → D be inclusion homomorphism. Thus j ∘ f ∈ End R
(D) with j∘f(D) = f(D) but 

(j ∘ f)2 (D) = (j ∘ f)(j ∘ f)(D) =  j ∘ f(f(D)  = j(f(f(D)) = J(0) = 0, and (j ∘ f)2(D) = (j ∘ f)(D) since End R

(D) be Boolean ring. implies  j(f(D)) = f(D) = 0. Thus f = 0 which is contradiction, therefore f ∘

i ≠ 0 , hence U be Pr.S.R. 

Corollary5 Let D be module satisfying (*) such that End(D) be Boolean ring. If D be 

Pr.S.R, then every direct summand from D be Pr.S.R. 

Proposition6 If D is Pr.S.C, then D is generalized small prime module. 

Proof:  Let D be Pr.S.C module and N be non-zero prime small sub-module from D. To 

show annD = annN. Let r ∈ annN. Thus rN = 0. Let f ∶ D → N be monomorphism, thus f(rD) =

rf(D) ⊆ rN = 0 implies that rD = 0, thus r ∈ annD and therefore annD = annN. 

Proposition7 Every Pr.S.C module  is  primely small uniform 

Proof: Let N  be  prime  small  sub-module from D.  Let   0 ≠ x ∈ D such that Rx be prime 

small sub-module of D. Thus there exists a monomorphism, f ∶ D → Rx. Let 0 ≠ m ∈ N. Thus  

f(m) = wx for some 0 ≠ w ∈ R, with f(x) = rx for some  0 ≠ r ∈ R, f(rm) = rf(m) = r(wx) = w(rx) =
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wf(x) = f(wx)  then   rm = wx ∈ N and wx ≠ 0. So N be` primely small essential in D thus D be 

primely small uniform. 

Proposition8 Let D be Pr.S.R R-module, then D is Pr.S.C. 

Proof: Let N be non-zero prime small sub-module from D and f ∶ D → N be non-zero 

homomorphism. Thus i ∘ f ∶ D → D be an endomorphism on D, where  i ∶ N → D be inclusion 

homomorphism. Thus i ∘ f is monomorphism and hence f be monomorphism. Then D be 

Pr.S.C. 

Corollary9 Let D be Pr.S.R module. Then D is generalized small prime and primely small 

uniform. 

Proof:  By Prop. 8, D is Pr.S.C and from  prop. 6 and prop.7, D is generalized small 

prime and primely small uniform. 

Characterizations of Primly Small Retractable Module 

Proposition10 Let D be module. Then D is Pr.S.R if and only if there exists 0 ≠ φ ∈ End R

(D) such that Im φ ⊆ N for each non-zero prime small sub-module N from D. 

Proof: (⇒) Suppose D be Pr.S.R. Let N be non-zero prime small sub-module from D. Thus 

Hom R
(D, N) ≠ 0. Let 0 ≠ f ∶ D → N be non-zero homomorphism. Let φ = i ∘ f where i ∶ N → D be 

the inclusion homo-morphism, thus  φ ∈  End R (D), φ ≠ 0  and Im φ = i ∘ f(D) = f(D) ⊆ N. 

(⇐) To prove D is Pr.S.R, let N be non-zero prime small sub-module from D, there exists 

non-zero endomorphism φ ∶ D → D such that Imφ = φ(D) ⊆ N, thus φ ∶ D → N be non-zero 

homomorphism, then 0 ≠ φ ∈ Hom(D, N), thus D be Pr.S.R. 

Proposition11 Let D be module such that every cyclic small sub-module of prime sub-

module of D is prime in D. Then D is Pr.S.R if and only if Hom(D, Rx) ≠ 0 for each 0 ≠ x ∈ D. 

Proof: (⇒) Clear. 

(⇐) Let N be non-zero prime small sub-module from D. Let 0 ≠ x ∈ N. Thus Rx be prime 

in D and Hom(D, Rx) ≠ 0 hence Hom(D, N) ≠ 0, thus D be Pr.S.R. 

Corollary12 Let D be modu such that every cyclic small sub-module of D is prime. Then 

D is Pr.S.R if and only if Hom(D, Rx) ≠ 0 for each 0 ≠ x ∈ D. 

Corollary13 Every finitely presented prime module is Pr.S.R. 

Proof: Let D be finitely presented prime module and 0 ≠ x ∈ D. Thus Rx be direct 

summand from D [8, Exercies 32, p.163]. Thus Hom(D, Rx) ≠ 0 then by corollary 12, D be 

Pr.S.R. 

Corollary14 Every  prime  finitely  generated  projective  module  is  Pr.S.R. 

Proof: Let D  be  prime  finitely  generated  projective  module. Thus D be  finitely 

presented [8, Exercise 1, p. 159]. From  corollary  13, D be Pr.S.R. 

Proposition15 Let D be  module  such  that  every  non-zero  prime  small sub-module 

from D  contains  non-zero  direct  summand from  D. Then D  is  Pr.S.R. 
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Proof: Let N be non-zero prime small sub-module from D, there is 0 ≠ A ≤ N and A be 

direct summand from D,  thus D = A⨁B  for some  0 ≠ B < D. Let ρA ∶ D → A be the projection 

homomorphism. Thus ρA ∈ Hom(D, A) and iρA ∈ Hom(D, N) where i ∶ A → N be inclusion 

homomorphism. If iρA = 0, thus 0 = iρA(D) = ρA(D) ≃ A implies A = 0 which is contradiction 

thus Hom(D, N) ≠ 0, then D be Pr.S.R. 

Proposition16 Let D be prime module such that every non-zero small sub-module from 

D contains non-zero direct summand from D. if D is Pr.S.R, then D is S.R. 

Proof: Let 0 ≠ N ≤ D, there exist  direct summand U from D, U ⊆ N. Thus U be prime in 

D [6, prop. 1.2, p.34]. Since D be Pr.S.R then Hom(D, U) ≠ 0 hence Hom(D, N) ≠ 0. Thus D be 

S.R. 

Corollary17 Let D be prime module such that every non-zero small sub-module from D 

contains non-zero direct summand from D. Then D is S.R if and only if D is Pr.S.R. 

Remark18 (1) Every commutative ring with identity is retractable. 

Proof: Let I be non-zero ideal of commutative ring with identity R. let 0 ≠ a ∈ I. Define 

f ∶ R ⟶ I by f(r) = ra ∀r ∈ R. Clearly f is well-defined R-homomorphism. If f = 0. Thus f(r) = 0 for 

all r ∈ R. Thus, 0 = f(1) = 1. a = 0 which is contradiction. Therefore Hom(R, I) ≠ 0. 

Proposition19 Let D be finitely generated multiplication R-module. then D is Pr.S.R 

module. 

Proof: Let N be non-zero prime small sub-module from D. Thus N = ID for some non-

zero prime ideal I from R[9]. But R be Pr.S.R by Remark18 implies Hom(R, I) ≠ 0. Let 0 ≠ f ∶ R →

I be homomorphism. Let f(1) = a. Thus a ≠ 0. Define g ∶ D → N by g(D) = ad for all d ∈ D. Clearly, 

g is well-defined homomorphism, g ≠ 0 since D be faithful. Thus Hom(D, N) ≠ 0 thus  D be 

Pr.S.R module. 

Corollary20 Every faithful cyclic R-module is Pr.S.R. 

Primly epi-small retractable modules 

Definition21 A module D is primly epi-small retractable (Pr.epi-S.R) if every prime small 

sub-module of D is homomorphic image from D. That is, whenever N is prime small sub-

module from D, then there exists an epimorphism from D onto N. 

Examples and Remarkes22  

(1) Every Pr.epi-S.R module is Pr. S.R.  

(2) Q as Z-module is Pr.epi-S.R. Since every prime small sub-module of Q is 

homomorphic image of Q. 

(3) Z12 as Z-module is Pr.epi-S.R module. Since every prime small sub-module of  Z12 is 

homomorphic image of  Z12. 

(4) Every semisimple module is Pr.epi-S.R. 

(5) Every fully prime module is Pr.epi-S.R if and only epi- S.R. 
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Proposition23 Let D be module satisfying (*). If D Pr.epi-S.R module, then every non-

zero prime small sub-module from D is Pr.epi-S.R. 

Proof: Let D be Pr.epi-S.R module and N be non-zero prime small sub-module from D. 

let K be non-zero prime small sub-module from N. Since D satisfying (*). Thus K be prime in 

D. Therefore there are epimorphisms f ∶ D → N and g ∶ D → K. Define h ∶ N = f(D) → K = g(D) by 

h(f(d)) = g(d) for all d ∈ D. Clearly h ∈ Hom(N, K).  h ≠ 0, for if h = 0. Then h(f(D)) = 0 = g(D) = K 

which is contradiction. Also, since h(N) = h(f(D)) = g(D) = K, then h is an epimorphism. Thus 

N is Pr.epi-S.R. 

Corollary24 A direct summand of prime and Pr.epi-S.R module Pr.epi-S.R is Pr.epi-S.R. 

Proposition25 Let D be Pr.epi-S.R module. Then D /N is Pr.epi-S.R. 

Proof: Let 0̅ ≠ K/N be prime small sub-module from D/N, where K be proper small sub-

module from D containing N properly. K/N be prime in D/N implies K be prime in D [10, 

corollary 3.9]. Since D be Pr.epi-S.R, thus there exists an epimorphism, f ∶ D → K , f induces 

homomorphism f ̅: D/N → K/N with f(̅d + N) = f(d) + N for all d ∈ D, f̅ ≠ 0, for if f̅ = 0, then 0̅ =

f(̅D/N)= f(D) + N = K + N, since f be an epimorphism. Thus K + N = N implies K = N which is 

contradiction. Hence Hom(D/N, K/N) ≠ 0. Moreover f(̅D/N) = K/N. Thus D/N is Pr.epi-S.R. 

Lemma26 Let D1 and D2 be two R-module. If N1⨁N2 is prime small sub-module of D1⨁D2. 

Then N1 is prime small sub-module of D1 and N2 is prime small sub-module of D2. 

Proof: Let r ∈ R and x ∈ D1 such that rx ∈ N1. Since N1⨁N2is prime sub-module of D1⨁D2 

Thus r(x , 0) ∈ N1⨁N2 So either(x, 0) ∈ N1⨁N2 or r ∈ [N1⨁N2: D1⨁D2]. If (x, 0) ∈ N1⨁N2 implies x ∈

N1. If r ∈ [N1⨁N2: D1⨁D2], then r(d1, d2) ∈ N1⨁N2 for all d1 ∈ D1, for all d2 ∈ D2.Therefore rd1 ∈ N1 

for all d1 ∈ D1, So r ∈ [N1: D1] and hence N1 is prime small sub-module of D1. Similarly we prove 

that N2 is prime small sub-module of D2. 

Proposition27 Let D1 and D2 be two Pr.epi-S.R modules such that annD1 + annD2 = R. 

Then D1⨁D2 is Pr.epi-S.R. 

Proof: Let N be non-zero prime small sub-module from D1⨁D2. Thus N = N1⨁N2 for some 

small sub-module N1 of D1 and N2 of D2. From [11, proposition 4.2] and Lemma 26 N1 be prime 

in D1 and N2 be prime in D2.Thus there exist  epimorphisms f ∶ D1 → N1and g ∶ D2 → N2. Define 

h ∶ D1⨁D2 → N by h(d1, d2) = (f(d1), g(d2)) for all (d1, d2) ∈ D1⨁D2. Clearly, h be an epimorphism. 

Thus D1⨁D2 be Pr.epi-S.R. 

Corollary28 Let {Di}i=1
n be finite family of Pr.epi-S.R modules such that ∑ annDi = R

n
i=1 . 

Then ⨁i=1
n Di is Pr.epi-S.R 
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Abstract : 

The fractional generalized Caput Volterra-Fredholm integra-differential equation (GFCV-FIDE) with non-local 

condition is investigated in this work. It uses the Banach’s fixed-point theorem (FPT) to demonstrate the 
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1. Introduction 

Fractional calculus extends the classical concepts of integration and differentiation of 

integer order to derivatives and integrals of arbitrary real (or even complex) order. Although 

fractional calculus has gained considerable attention in recent decades due to its wide range 

of applications, its origins date back to the correspondence between L’Hôpital and G.W. 

Leibniz in 1695. The theory was further developed by several mathematicians, including 

Euler, Laplace, Liouville, Riemann, Grünwald, Letnikov, Weyl, and Caputo (see [8,9] for 

historical details). Over time, these contributions established the theoretical foundation of 

modern fractional calculus. 

One of the best mathematical instruments for characterizing the memory characteristics 

of certain materials and complicated systems is fractional calculus [22]. The integer-order 

derivative is commonly used in the classical framework to represent a system's memory: 

𝑑𝑄(𝑧)

𝑑𝑧
= lim

Δ𝑧→0
 
𝑄(𝑧) − 𝑄(𝑧 − Δ𝑧)

Δ𝑧
, 0 < 𝑧 

Because it only uses the function's values at two places, this definition accurately 

describes the system's short memory characteristics. On the other hand, the fractional 

approach uses the fractional order derivative to express a system's memory [19]: 

𝑑𝜃𝑄(𝑧)

𝑑𝑧𝜃
= lim

𝜇→0
 𝜇−𝜃∑ 

𝑛

𝑟=0

(−1)𝑟 (
𝜃

𝑟
)𝑄(𝑧 − 𝑟𝜇), 𝑛𝜇 = 𝑧  , 0 < 𝜃 < 1 

where the fractional derivative (FD) order is 𝜃. The fractional derivative, in contrast to 

the classical derivative, takes into consideration the history of the function. In order to 

calculate the FD at a particular time 𝑡, the system's long memory qualities must be reflected 

by taking into account all of the function Φ(𝑡) 's prior values. For further information, see 

[23]. 

The large number of derivatives and integrals that are available in classical fractional 

calculus is one of its advantages. To improve our comprehension of the cosmos, fresh 

developments and advancements in this sector have always been required. Atangana and 

Baleanu presented a FD in the sense of Caputo in [7], which is notable as the ABC-fractional 

derivative, using the Mittag-Leffler function with non-singular kernels. Refer to [4, 12, 20, 25] 

for further information on FDs with non-singular kernels. In order to unify the Hadamard and 

Riemann-Liouville fractional operators, Katugampola presented what he dubbed generalized 

fractional operators [1, 2, 3, 18, 26]. Later, the Caputo and Caputo-Hadamard fractional 

derivatives were included in these generalized derivatives [11]. 

The authors in [14] introduced fractional operators derived from proportionate 

derivatives of one function relative to another. The kernel in the proposed fractional operators 

incorporates an exponential function, contingent upon the specific function employed.In 

many scientific domains, including physics, engineering, medicine, electrochemistry, control 

theory, and more, fractional differential equations (FDEs) naturally occur (see [10, 27, 28]). 

Many scholars have been inspired to examine both the quantitative and qualitative elements 
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of these equations due to their efficacy in simulating a wide range of real-world phenomena. 

Furthermore, FDEs with non-local conditions are a very interesting and pertinent field of 

study. The growing number of published works addressing the existence and uniqueness of 

solutions for this sort of equation is proof that scholars are becoming more and more 

interested in studying these equations. The vitality of research in this field is reflected in this 

trend. We can mention the following publications about the existence and uniqueness of 

solutions to fractional differential equations: 

The existence and uniqueness of solutions to the following two Deformable FDEs were 

examined by the authors in [16]: 

{
𝐷𝒯 

𝒟𝒟 𝐸(𝑟) = ℱ(𝑟, 𝐸(𝑟)), 𝑟 ∈ [0, 𝑏]

𝐸(0) + ℎ(𝐸) = 𝐸0

 

and 

{
𝐷𝑇𝐸(𝑟) =ℬ(𝐸(𝑟)) + ℱ(𝑟, 𝐸[𝑟)) + ∫  

𝑟

0

 𝒦(𝑟, 𝑠, 𝐸(𝑟))𝑑𝑠 , 𝑟 ∈ [0, 𝑏] 
𝒟𝒟

𝐸(0) = 𝐸0

 

where the Deformable fractional derivative of order  0 <  𝜏 <  1 is represented by 𝐷𝑇 
𝒟𝒟 . 

The subsequent fractional perturbed neutral integra-differential problem concerning the 

Deformable derivative 

was examined by the authors of [24] to determine whether a solution exists and whether 

it is unique in a Banach space 𝒳 : 

{
𝐷𝑇𝐸(𝑟) 

𝒟𝒟 −ℳ(𝑟, 𝐸(μ))) = ℒ(𝑟, 𝐸(𝑟),∫  
𝑟

0

 𝒦(𝑟, 𝒵, 𝐸(𝑟))𝑑𝑧) + ℱ(𝑟, 𝐸(𝑟),∫  
𝑟

0

 𝒦(𝑟, 𝓏, 𝐸(𝑟))𝑑𝑧)

𝐸(0) = 𝐸0 ∈ 𝑋  , 𝑟 ∈ [0, 𝑏] ,0 < 𝑇 < 1

 

where. ℳ: [0, 𝐵] × 𝑋 → 𝑋 in sominanuly diffronsiable lunction, ℒ,ℱ: [𝛽, 𝑏] × 𝑋 × 𝑋 → 𝑋 be 

continuous functions, and 𝐾 ∈  (𝑐(𝒵 , 𝑋 ) 𝑤ℎ𝑒𝑟𝑒  𝒵 = {(𝑟, 𝓏):0 <  𝓏 < 𝑟 < 𝑏}. 

Building on the aforementioned works, this paper examines the eiders and uniqueness 

of the elution to the GIVI-FIDE with a now-local condition : 

{
 
 

 
  𝜌
𝐶𝐷

0+
𝜏,ℛ( 𝜌

𝐶𝐷
0+
𝛿,ℛ

ℋ(𝜇) −ℬ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇)), 𝒰ℋ(𝜇)) = ℱ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒰ℋ(𝜇)),

(ℋ(𝜇) −ℬ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒰ℋ(𝜇)))𝜇=0 = 𝑢0,

(ℋ(𝜇) −ℬ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒰ℋ(𝜇))𝜇=0
′ = 0,

(ℋ(𝜇) −ℬ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒰ℋ(𝜇)))𝜇=𝑏 + 𝜑(ℋ) = 𝑢1, 𝜇 ∈ 𝜒 = [0, 𝑏],

 

where 1 < 𝜏 < 2,0 < 𝛿 < 1,  𝜌
𝐶𝐷

0+
𝜏,ℛ(⋅) is the generalized Caputo proportional FD of order 

𝜏,ℛ: 𝜒 → ℝ,ℬ,ℱ: 𝜒 × 𝒳 ×𝒳 ⟶ 𝒳 are continuous functions, 𝜑 ∈ 𝐶(𝒳,𝒳), and 𝑢0, 𝑢1 ∈ 𝒳, where 𝒳 

is a Banach space. The operators 𝒢ℋ(𝜇), 𝒰ℋ(𝜇) be given by 

𝒢ℋ(𝜇): = ∫  
𝜇

0

Π(𝜇, 𝑠)ℋ(𝑠)𝑑𝑠, 𝒰ℋ(𝜇) = ∫  
𝑏

0

Π1(𝜇, 𝑠)ℋ(𝑠)𝑑𝑠 

such that Π1Π1 ∈ 𝐶(𝔇, 𝑥), where 𝔇:= {(𝜇, s):0 < 𝑠 < 𝜇 <  𝑏 }. We consider 

𝒢∗ = max
𝜇∈[0,𝑏]

 ∫  
𝜇

0

‖Π(𝜇, 𝑠)‖𝑑𝑠, 𝒰∗ = max
𝜇∈[0,𝑏]

 ∫  
𝑏

0

‖Π1(𝜇, 𝑠)‖𝑑𝑠 
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The following is a summary of this study's main contributions: 

1. We use the FD instead of the classical derivative based on the previously described 

benefits and results of the fractional derivative. 

2. To our know ledge, this is the first attempt to analyze the structure of the system 

introduced in (1) with a non-local condition. 

3. We provide the integral solution to the specified system (1) (Lemma 2.5) utilizing the 

characteristics of the generalized Caputo fractional derivative type. 

4. Banach and Kwasniewski’s alternative FPTs are used to establish the main existence 

theorems. Additionally, section 4 presents an instructive instance to show how the major 

results might be used. 

5. Furthermore, this work builds upon and improves upon earlier research that has 

been published in the literature, such as that which is cited in [6,21]. 

2..Preliminaries 

This section presents the solution formula for the nonlinear GFCV-FIDE (1) as well as 

definitions and lemmas pertaining to the generalized Caputo proportional FD. The subsequent 

sections of this work will make consistent use of these definitions and lemmas. 

• Let 𝜒 = [0, 𝑏] be a finite interval of 𝑅 . We denote by 𝐶(𝜒,𝒳) the Banach space of all 

continuous functions with the norm ‖ℋ‖ = sup{|ℋ(𝜇)|: 𝜇 ∈ 𝜒}. 

• In this study, we consider the function ℛ: 𝜒 → ℝ to be increasing, strictly positive, and 

differentiable. 

Definition 2.1. [14]. Let 0 < 𝜌 < 1, 𝜏 > 0, and 𝑓 be a continuous function. The left-sided 

generalized proportional fractional integral of order 𝜏 with respect to ℛ of the function 𝑓 is 

determined by 

 𝜌𝐼0+
𝜏,ℛ𝑓(𝜇) =

1

𝜌𝜏Γ(𝜏)
∫  
𝜇

0

𝑒
𝜌−1
𝜌
(ℛ(𝜇)−ℛ(𝑠))

ℛ′(𝑠)(ℛ(𝜇) −ℛ(𝑠))𝜏−1𝑓(𝑠)𝑑𝑠 

where Γ(𝜏) = ∫  
+∞

0
𝑒−𝑡𝑡𝜏−1𝑑𝑡 is the Euler gamma function. 

Dufinition 2.2.  Let 𝑝 ∈ [Φ,Ψ],4,𝑊: |0,1| × ℝ → |0,∞⟩ be cretinumse flunctions with 

lim
𝑝+0+

 Φ(𝛽, 𝜇) = 0, lim
𝑝+1−

 Φ(𝛽, 𝜇) = 1, lim
𝑝+0+

 Ψ(𝛽, 𝜇) = 1, lim
𝑝→1−

 Ψ(𝛽, 𝜇) = 0,andΦ(𝛽, 𝜇) ≠ 0, 𝜌 ∈

(0,1),Ψ(𝛽, 𝜇) ≠ 0, 𝑝 ∈ (0,1), 𝑎 ∈ ℝ. The properticrial detivalive of order 𝜌 with respect to ℛ of the 

function 𝑓 is cheleminal by 

 𝜌𝐷
ℛ𝑓(𝜇) = Ψ(𝜌, 𝜇)𝑓(𝜇) +Φ(𝜌, 𝜇)

𝑓 ′(𝜇)

ℛ′(𝜇)
 

In particular, if Φ(𝜌, 𝜇) = 𝜌 and Ψ(𝜌, 𝜇) = 1− 𝜌, then we have 

𝜌𝐷𝒬𝑓(𝜇) = (1− 𝜌)𝑓(𝜇) + 𝜌
𝑓 ′(𝜇)

𝒜′(𝜇)
 

Definition 2.3. [14]. Let 𝜌 ∈ (0,1]. The left-sided generalized Caputo proportional 

fractional derivative of order 𝑛 − 1 < 𝜏 < 𝑛 for the continuous function 𝑓 is defined by 



III. Dubai International Conference of Pure, Applied and Technological Sciences 

 

 

54  

 

 𝜌
𝐶𝐷

0+
𝜏𝒫𝑓(𝜇) = 𝜌𝐼

0+
𝑛−𝜏,𝒬

( 𝜌𝐷
𝑛,𝒫𝑓(𝜇))

 =
1

𝜌𝑛−𝜏Γ(𝑛 − 𝜏)
∫  
𝜇

0

 𝑒
𝜌−1
𝜌
(𝒫(𝜇)−ℛ(𝑠))

ℛ′(𝑠)(ℛ(𝜇) −ℛ(𝑠))𝑛−𝜏−1( 𝜌𝐷
𝑛,ℛ𝑓)(𝑠)𝑑𝑠

 

where 𝑛 = [𝜏] + 1 and  𝜌𝐷
𝑛𝒬 = 𝜌𝐷𝒬  𝜌𝐷𝜌

𝒫 …𝐷𝒬⏟        
𝑛− times 

; 

For the sake of simplification, this manuscript posits 

Ω𝑍
𝜏−1(𝜇,0) = 𝑒

𝜌−1
𝜌
(ℛ(𝜇)−𝑔(0))

(ℛ(𝜇) − 𝑔(0))𝜏−1. 

Lemma 2.1. [13]. Let 𝜇 ∈ 𝜒, 𝜌 ∈ (0,1], 𝜏, 𝛿 > 0, and 𝑓 be a continuous function. Then, we 

have 

𝜌𝐼0+
𝜏,ℬ( 𝜌𝐼0+

𝛿,ℛ𝑓(𝜇)) = 𝜌𝐼0+
𝜏,ℛ( 𝜌𝐼0+

𝛿,𝒫𝑓(𝜇)) = 𝜌𝐼0+
𝜏+𝛿,𝒫𝑓(𝜇) 

Lemma 2.2. [13]. Let 𝜌 ∈ (0,1] and 𝜏, 𝛿 > 0. Then, we have 

(i).( 𝜌𝐼0+
𝑇,ℛ𝑒

𝜌−1

𝜌
(ℬ(𝑡)−𝒬(0))

(ℛ(𝑡) −ℛ(0))𝛿−1) (𝜇) =
Γ(𝛿)

𝜌ΓΓ(𝜏+𝛿)
Ωℛ
𝜏+𝛿−1(𝜇,0). 

(ii).  𝜌
𝐶𝐷

0+
𝜏,ℛ𝑒

𝜌−1

𝜌
(ℛ(𝑡)−𝒬(0))

(ℛ(𝑡) −ℛ(0))𝛿−1) (𝜇) =
𝜌𝜎Γ(𝛿)

Γ(𝛿−𝜏)
Ωℛ
𝛿−𝜏−1(𝜇,0). 

Lemma 2.3. [13]. Let 𝜌 ∈ (0,1], 𝜏 > 0, and 𝑓 be a continuous function. Then, we have 

lim
𝜇→0

 (𝜌𝐼0+
𝜏,𝒫𝑓(𝜇)) = 0 

Lemma 2.4. [15]. Let 𝜌 ∈ (0,1], 𝑛 − 1 < 𝜏 < 𝑛, (𝑛 = [𝜏] + 1). Then, we have 

𝜌𝐼0+
𝜏,𝒬( 𝜌

𝐶𝐷0+
𝜏,𝒬𝑓(𝜇)) = 𝑓(𝜇) −∑  

𝑛−1

𝑘=0

( 𝜌𝐷
𝑘,𝒫𝑓)(0)

𝜌𝑘Γ(𝑘 + 1)
Ωℬ
𝑘 (𝜇,0). 

To simplify problem (1), we take the following problem and determine its solution 

formula: 

{
 

  𝜌
𝐶𝐷

0+
𝜏,ℛ( 𝜌

𝐶𝐷0+
𝛿,ℛ(ℋ(𝜇) − ℎ(𝜇))) = 𝑓(𝜇), 𝑡 ∈ 𝜒 = [0, 𝑏]

(ℋ(𝜇) − ℎ(𝜇))𝜇=0 = 𝑢0, (ℋ(𝜇) − ℎ(𝜇)))
𝜇=0

′
= 0

(ℋ(𝜇) − ℎ(𝜇))𝜇=𝑏 + 𝜑(ℋ) = 𝑢1

 

where 0 < 𝜏 < 1,1 < 𝛿 < 2,  𝜌
𝐶𝐷

0+
𝜏,&(⋅) is the generalized Caputo proportional fractional 

derivative of order 𝜏, ℎ, 𝑓: 𝜒 ⟶ 𝒳 be continuous functions, and 𝜑 ∈ 𝐶(𝒳,𝒳). 

Lemma 2.5. Let ℎ, 𝑓: 𝜒 ⟶ 𝒳 be continuous functions. Hence, the system (3) has a 

solution provided by 

ℋ(𝜇) =
(Δ − 𝜑(ℋ))

Ωℛ
𝛿 (𝑏,0)

Ωℛ
𝛿 (𝜇,0) + 𝑢0𝑒

𝜌−1
𝜌
(ℛ(𝜇)−ℛ(0))

+
(1− 𝜌)𝑢0

𝜌
Ωℛ

1 (𝜇,0)

 +
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)
∫  
𝜇

0

 Ωℛ
𝛿+𝜏−1(𝜇, 𝑠)ℛ′(𝑠)𝑓(𝑠)𝑑𝑠 + ℎ(𝜇), 𝜇 ∈ [0, 𝑏]

 

where Ωℛ
(⋅)
(𝜇,.)𝑎𝑛𝑑Δ are given by (2) and (4), respectively. 

Proof. Let ℋ(𝜇) be a solution of the problem (1). Applying the operator 𝜌
0+
𝜏,ℛ(⋅) to both 

sides of (3) and from Lemma 2.4, we get 

 𝜌
𝐶𝐷

0+
𝛿,ℛ(ℋ(𝜇) − ℎ(𝜇)) = 𝛽1𝑒

𝜌−1
𝜌
(ℛ(𝜇)−ℛ(0))

+  𝜌𝐼0+
𝜏,ℛ𝑓(𝜇) 
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with 𝛽1 ∈ ℝ. Next, Applying the operator  𝜌𝐼0+
𝛿,ℛ(⋅) to both sides of (5), we get 

ℋ(𝜇) − ℎ(𝜇) = 𝛽1𝜌𝐼0+
𝛿,ℛΩℛ

0 (𝜇,0) + 𝛽2Ωℛ
0 (𝜇,0) + 𝛽3

Ωℛ
1 (𝜇,0)

𝜌
+ 𝜌𝐼0+

𝜏+𝛿,ℛ𝑓(𝜇), 

with 𝛽1, 𝛽2, 𝛽3 ∈ ℝ. Using Lemma 2.2(𝑖), then the integral equation (6) becomes 

ℋ(𝜇) − ℎ(𝜇) = 𝛽1

𝑒
𝜌−1
𝜌
(ℛ(𝜇)−ℛ(0))

(ℛ(𝜇) −ℛ(0))𝛿

𝜌𝛿Γ(𝛿 + 1)
+ 𝛽2𝑒

𝜌−1
𝜌
(ℛ(𝜇)−ℛ(0))

 +𝛽3

𝑒
𝜌−1
𝜌
(ℛ(𝜇)−ℛ(0))

(ℛ(𝜇) −ℛ(0))

𝜌

 +
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)
∫  
𝜇

0

  𝑒
𝜌−1
𝜌
(ℛ(𝜇)−ℛ(𝑠))

(ℛ(𝜇) −ℛ(𝑠))𝛿+𝜏−1ℛ′(𝑠)𝑓(𝑠)𝑑𝑠

 

Putting 𝜇 = 0 in the integral equation (7), we get 𝛽2 = (ℋ(𝜇) − ℎ(𝜇))𝜇=0 = 𝑢0. From the 

integral equation (7), with 𝛽2 = 𝑢0, we get 

(ℋ(𝜇) − ℎ(𝜇))′ =
𝛽1

𝜌𝛿Γ(𝛿 + 1)
(
ℛ′(𝜇)(𝜌 − 1)

𝜌
Ωℛ
𝛿 (𝜇,0) + 𝛿 ′(𝜇)Ωℛ

𝛿−1(𝜇,0))

 +
𝑢0ℛ

′(𝜇)(𝜌 − 1)

𝜌
𝑒
𝜌−1
𝜌
(ℛ(𝜇)−ℛ(0))

 +
𝛽3

𝜌
(ℛ′(𝜇)𝑒

𝜌−1
𝜌
(ℛ(𝜇)−ℛ(0))

+
ℛ′(𝜇)(𝜌 − 1)Ωℛ

1 (𝜌,0)

𝜌
)

 +
ℛ′(𝜇)(𝜌 − 1)

𝜌𝛿+𝜏+1Γ(𝛿 + 𝜏)
∫  
𝜇

0

 Ωℛ
𝛿+𝜏−1(𝜇, 𝑠)ℛ′(𝑠)𝑓(𝑠)𝑑𝑠

 +
ℛ′(𝜇)

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 − 1)
∫  
𝜇

0

 Ωℛ
𝛿+𝜏−2(𝜇, 𝑠)ℛ′(𝑠)𝑓(𝑠)𝑑𝑠

 

Taking 𝜇 = 0 in the integral equation (8), we obtain 𝛽3 = 𝑢0(1 − 𝜌). Now, taking 𝜇 = 𝑏, 𝛽2 =

𝑢0, and 𝛽3 = 𝑢0(1− 𝜌) in the integral equation (7), we obtain 

(ℋ(𝜇) − ℎ(𝜇))𝜇=𝑏 =𝛽1

Ωℛ
𝛿 (𝑏,0)

𝜌𝛿Γ(𝛿 + 1)
+ 𝑢0𝑒

𝜌−1
𝜌
(ℬ(𝑏)−ℛ(0))

 +𝑢0(1− 𝜌)
Ωℛ

1 (𝑏,0)

Ω
+ 𝜌𝐼0+

𝛿+𝜏,ℛ𝑓(𝑏)

 

Using the condition (ℋ (μ) − ℎ(𝜇)μ=b + 𝜑(ℋ) = 𝑢1 , we obtain 

𝛽1 =
𝜌𝛿Γ(𝛿 + 1)

Ω𝒵
𝛿 (𝑏,0)

(𝑢1 − 𝜑(ℋ) − 𝑢0𝑒
𝜌−1
𝜌
(𝒫(𝑏)−ℋ(0))

− 𝑢0(1− 𝜌)
Ω𝒵

1(𝑏,0)

𝜌
− 𝜌𝐼

0+
𝛿+𝜏,ℛ𝑓(𝑏))

 =
𝜌𝛿Γ(𝛿 + 1)

Ωℛ
𝛿 (𝑏,0)

(Δ− 𝜑(ℋ))

 

where 

Δ = 𝑢1 − 𝑢0 (𝑒
𝜌−1
𝜌
(ℛ(𝑏)−𝒬(0))

+ (1− 𝜌)
Ω𝒵

1(𝑏,0)

𝜌
) − 𝜌𝐼

0+
𝛿+𝜏,𝒬

𝑓(𝑏) 

Substituting 𝛽1, 𝛽2, and 𝛽3 in (7) we have 

ℋ(𝜇) =
(Δ − 𝜑(ℋ))

Ω𝒵
𝛿 (𝑏,0)

Ω𝒵
𝛿 (𝜇,0) + 𝑢0𝑒

𝜌−1
𝜌
(𝒫(𝜇)−𝒫(0))

+
(1− 𝜌)𝑢0

𝜌
Ω𝒵

1(𝜇,0)

 +
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)
∫  
𝜇

0

 Ω𝒢
𝛿+𝜏−1(𝜇, 𝑠)ℛ′(𝑠)𝑓(𝑠)𝑑𝑠 + ℎ(𝜇)
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The evidence is now complete. 

We can now define the solution to the GCFV-FIDE (1) using the data from the preceding 

lemma. 

Definition 2.4. If ℋ solves the problem (1), then ℋ also solves the integral equation that 

follows: 

ℋ(𝜇) =
(Δ − 𝜑(ℋ))

Ωℬ
𝛿 (𝑏,0)

Ωℬ
𝛿 (𝜇,0) + 𝑢0𝑒

𝜌−1
𝜌
(ℛ(𝜇)−ℰ(0))

+
(1 − 𝜌)𝑢0

𝜌
Ω𝒢

1(𝜇,0) +
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)

 × ∫  
𝜇

0

 Ω𝒢
𝛿+𝜏−1(𝜇, 𝑠)ℛ′(𝑠)ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒰ℋ(𝑠))𝑑𝑠 +ℋ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒰ℋ(𝜇)),

 

as long as the integral mentioned above is finite. 

3..Existence and uniqueness results 

In this section, we present and study the existence of solutions for the given nonlinear 

GCFV-FIDE (1) under the Krasnoselskiis FPT. 

Theorem 3.1. [5] Let 𝒳 be a convex, closed, and nonempty subset of the Banach algebra 

𝒳. We consider the two operators 𝒩,𝒮:𝒳 → 𝒳 such that: 

(a).𝒩𝑢 + 𝒮𝑣 ∈ 𝒳, ∀𝑢, 𝑣 ∈ 𝒳. 

         (b). 𝒩 is a contraction on 𝒳. 

(c). 𝒴is completely continuous on 𝒳. 

Then, the operator 𝒫𝑢 = 𝒩𝑢 + 𝒴𝑢 has at least a fixed point in 𝒳. 

The following presumptions are necessary in order to apply the Krasnoselskiis FPT: 

(𝐴1) The function ℱ: 𝜒 × 𝒳3 ⟶𝒳 is continuous and there are constants 𝐿𝒴 , 𝐿̂𝒴, and 𝐿‾𝒴 such 

that for all 𝑣, 𝑤, 𝑧, 𝑣 ′, 𝑤 ′, 𝑧 ′ ∈ 𝒳 and for all 𝜇 ∈ 𝜒, we have 

(i). ‖ℱ(𝜇, 𝑣, 𝑤, 𝑧) − ℱ(𝜇, 𝑣 ′, 𝑤 ′, 𝑧 ′)‖ ≤ 𝐿𝒮[‖𝑣 − 𝑣
′‖ + ‖𝑤 − 𝑤 ′‖ + ‖𝑧 − 𝑧 ′‖]. 

(ii). ‖ℱ(𝜇, 𝑣, 𝑤, 𝑧)‖ ≤ 𝐿̂𝒮 + 𝐿‾𝒮[‖𝑣‖ + ‖𝑤‖ + ‖𝑧‖]. 

(𝐴2) The function ℬ: 𝜒 × 𝒳3 ⟶𝒳 is continuous and there are constants 𝑀𝒜 , 𝑀̂ℬ, and 𝑀‾ℬ such 

that for all 𝑣, 𝑤, 𝑣 ′, 𝑤 ′, 𝑧 ′ ∈ 𝒳 and for all 𝜇 ∈ 𝜒, we have 

(i). ‖ℬ(𝜇, 𝑣, 𝑤, 𝑧) −ℬ(𝜇, 𝑣 ′, 𝑤 ′, 𝑧 ′)‖ ≤ 𝑀𝒮ℬ[‖𝑣 − 𝑣
′‖ + ‖𝑤 − 𝑤 ′‖ + ‖𝑧 − 𝑧 ′‖]. 

(ii). ‖ℬ(𝜇, 𝑣,𝑤, 𝑧)‖ ≤ 𝑀̂ℬ +𝑀‾ℬ[‖𝑣‖ + ‖𝑤‖ + ‖𝑧‖]. 

(𝐴3) The function 𝜑‾:𝒳 ⟶ 𝒳 is continuous and there are constants 𝐾𝜑 , 𝐾̂𝜑, and 𝐾‾𝜑 such that 

for all 𝑣, 𝑤, 𝑧 ∈ 𝒳 and for all 𝜇 ∈ 𝜒, we have 

(i). ‖𝜑(𝑣) − 𝜑(𝑤)‖ ≤ 𝐾𝜑‖𝑣 − 𝑤‖. 

(ii). ‖𝜑(𝑣)‖ ≤ 𝐾̂𝜑 + 𝐾‾𝜑‖𝑣‖. 

Let the Banach space 𝒬:= (𝐶(𝜒,𝒳), ‖ ⋅ ‖). Then we consider the subset 𝒮 of 𝒬 given by: 

𝒮 = {ℋ ∈ 𝒬: ‖ℋ‖ ≤ Θ} 

with 

Θ >
Ψ̂

1−Φ
,  such that  1 −Ψ‾ ≠ 0 
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where 

Ψ̂
′
=
(ℛ(𝑏) −ℛ(0))𝛿

Ωℬ
𝛿 (𝑏,0)

(‖Δ‖ + 𝐾̂𝜑) + ‖𝑢0‖ |1−
1− 𝜌

𝜌
(ℛ(𝑏) −ℛ(0))|

 +
(ℛ(𝑏) −ℛ(0))𝛿+𝜏𝐿̂𝒮

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 1)
+ 𝑀̂ℬ

Ψ‾
′
=
(ℛ(𝑏) −ℛ(0))𝛿𝐾‾𝜑

Ωℬ
𝛿 (𝑏,0)

+
(ℛ(𝑏) −ℛ(0))𝛿+𝜏𝐿‾𝒮(1 + 𝒢

∗ + 𝒵∗)

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 1)
+ 𝑀‾𝒞(1+ 𝒢

∗ + 𝒞∗)

 

An obvious subset of the Banach space 𝒬 is 𝒮, which is convex, bounded, closed, and 

nonempty. We now possess all the arguments required to prove the existence results for the 

specified system (1). As a result, the following existence theorem is presented. 

Theorem 3.2. Suppose that all assumptions (𝐴1) − (𝐴3) hold and 

(ℛ(𝑏) −ℛ(0)))𝛿

Ωℬ
𝛿 (𝑏,0)

𝐾𝜑 < 1 

where Ωℬ
(⋅)
(. ,0) is given by (2). Then, the system (1) has at least a solution ℋ ∈ 𝐶(𝜒,𝒳). 

Proof. To apply the Krasnoselskiis FPT, we define the operators 𝒴: 𝒮 ⟶ 𝒳,𝒲: 𝒮 ⟶ 𝒳, and 

𝒫: 𝒮 ⟶ 𝒳 as follows: 

 (𝒱ℋ)(𝜇) =
(Δ − 𝜑(ℋ))

Ωℬ
𝛿 (𝑏,0)

Ωℛ
𝛿 (𝜇,0) + 𝑢0𝑒

𝜌−1
𝜌
(ℬ(𝜇)−ℬ(0))

+
(1− 𝜌)𝑢0

𝜌
Ωℋ

1 (𝜇,0)

 (ℋℋ)(𝜇) =
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)

 × ∫  
𝜇

0

 Ωℛ
𝛿+𝜏−1(𝜇, 𝑠)ℛ′(𝑠)ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒵ℋ(𝑠))𝑑𝑠 +ℬ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒵ℋ(𝜇))

 (𝒫ℋ)(𝜇) = ((𝒱 +ℋ)ℋ)(𝜇)

 

The proof is then provided in the subsequent steps: 

Step 1: Let 𝜇 ∈ [0, 𝑏] and ℋ, 𝑣 ∈ 𝒮. By using the assumptions (𝐴1)(𝑖𝑖), (𝐴2)(𝑖𝑖), (𝐴3)(𝑖𝑖), and the 

fact that 

𝑒
𝑝−1
𝑝
(ℬ(𝜇)−ℬ(0))

< 1, 

we get 
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 ‖𝒱(𝜇) +𝒲𝑣(𝜇)‖

 = ‖
(Δ − 𝜑(ℋ))

Ωℬ
𝛿 (𝑏,0)

Ω𝑍
𝛿(𝜇,0) + 𝑢0𝑒

𝜌−1
𝜌
(ℬ(𝜇)−ℬ(0))

+
(1 − 𝜌)𝑢0

𝜌
Ω𝑍

1(𝜇,0)

 +
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)
∫  
𝜇

0

 Ω𝒜
𝛿+𝜏−1(𝜇, 𝑠)ℛ′(𝑠)ℱ(𝑠, 𝑣(𝑠), 𝒢𝑣(𝑠), 𝒵𝑣(𝑠))𝑑𝑠 +ℬ(𝜇, 𝑣(𝜇), 𝒢𝑣(𝜇), 𝒵𝑣(𝜇))‖

 ≤
(ℛ(𝑏) −ℛ(0))𝛿

Ωℬ
𝛿 (𝑏,0)

(‖Δ‖ + 𝐾̂𝜑 + 𝐾‾𝜑‖ℋ‖) + ‖𝑢0‖ |1−
1− 𝜌

𝜌
(ℛ(𝑏) −ℬ(0))|

 +
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)
∫  
𝜇

0

  (ℛ(𝜇) −ℛ(𝑠))𝛿+𝜏−1ℛ′(𝑠)(𝐿̂𝒮 + 𝐿‾𝒮[‖𝑣‖ + ‖𝒢𝑣‖ + ‖𝒵𝑣‖])𝑑𝑠

 +𝑀̂𝒮ℬ +𝑀‾𝒮ℬ[‖𝑣‖ + ‖𝒢𝑣‖ + ‖𝒵𝑣‖]

 ≤
(ℛ(𝑏) −ℛ(0))𝛿

Ωℬ
𝛿 (𝑏,0)

(‖Δ‖ + 𝐾̂𝜑 + 𝐾‾𝜑Θ) + ‖𝑢0‖ |1 −
1− 𝜌

𝜌
(ℛ(𝑏) −ℛ(0))|

+
(ℛ(𝑏) −ℛ(0))𝛿+𝜏

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 1)
(𝐿̂𝒮 + 𝐿‾𝒮Θ(1 + 𝒢

∗ + 𝒰∗)) + 𝑀̂ℬ +𝑀‾𝒮Θ(1 + 𝒢
∗ +𝒰∗))

 ≤
(ℛ(𝑏) −ℛ(0))𝛿

Ωℬ
𝛿 (𝑏,0)

(‖Δ‖ + 𝐾̂𝜑) + ‖𝑢0‖ |1−
1− 𝜌

𝜌
(ℬ(𝑏) −ℬ(0))|

 +
(ℛ(𝑏) −ℛ(0))𝛿+𝜏𝐿̂𝒮

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 𝑀̂𝒮

 +Θ [
(ℛ(𝑏) −ℛ(0))𝛿𝐾‾𝜑

Ωℬ
𝛿 (𝑏,0)

+
(ℛ(𝑏) −ℛ(0))𝛿+𝜏𝐿‾𝒴(1 + 𝒢

∗ + 𝒰∗)

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 1)
+ 𝑀‾ℬ(1 + 𝒢

∗ + 𝒰∗)]

 ≤ Ψ̂+ΘΨ‾ < Θ.

 

Therefore, 𝒱(ℋ) +𝒲(𝑣) ∈ 𝒮 for all ℋ, 𝑣 ∈ 𝒮. 

Step 2: We show that 𝒱 is a contraction. Let 𝜇 ∈ [0, 𝑏] and ℋ, 𝑣 ∈ 𝒮. By using the assumption 

(𝐴3)(𝑖), 

and the fact that 

𝑒
𝑝−1
𝑝
(ℛ(𝜇)−ℛ(0))

< 1, 

we get 

‖𝒱ℋ(𝜇) − 𝒱𝑣(𝜇)‖ =
Ωℬ
𝛿 (𝜇,0)

Ω𝒢
𝛿(𝑏,0)

‖𝜑(ℋ) − 𝜑(𝑣)‖ ≤
(ℛ(𝑏) −ℛ(0)))𝛿

Ωℛ
𝛿 (𝑏,0)

𝐾𝜑‖ℋ − 𝑣‖. 

From the condition (11), we can deduce that the operator 𝒴 is a contraction. 

Step 3: We show that the operator 𝒲 is completely continuous. 

(i) 𝒲 is continuous: 

Let 𝜇 ∈ [0, 𝑏] and ℋ𝑛 be a sequence of 𝒮 such that ℋ𝑛 ⟶ ℋ∘ as 𝑛 ⟶ ∞ in 𝒮. Then, we get 

‖𝒲ℋ𝑛(𝜇) −𝒲ℋ(𝜇)‖

 ≤
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)

 × ∫  
𝜇

0

 Ω𝒬
𝛿+𝜏−1(𝜇, 𝑠)ℰ′(𝑠)‖ℱ(𝑠,ℋ𝑛(𝑠), 𝒢ℋ𝑛(𝑠), 𝒰ℋ𝑛(𝑠)) − ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒰ℋ(𝑠))‖𝑑𝑠

 +‖ℬ(𝜇,ℋ𝑛(𝜇), 𝒢ℋ𝑛(𝜇), 𝒰ℋ𝑛(𝜇)) −ℬ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒰ℋ(𝜇))‖

 

The Lebesgue dominated convergence theorem and the continuity of the functions ℱ 

and ℬ allow us to obtain 

‖𝒲ℋ𝑛(𝜇) −𝒲ℋ(𝜇)‖ ⟶ 0, as 𝑛 ⟶ ∞. 
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This implies that the operator 𝒲 is continuous. 

(ii) 𝒲 is uniformly bounded: 

Let 𝜇 ∈ [0, 𝑏] and ℋ ∈ 𝒮. Then, by using the assumptions (𝐴1)(𝑖𝑖), (𝐴2)(𝑖𝑖), and the fact 

that 

𝑒
𝑃−1
𝑃
(ℛ(𝜇)−𝒫(0)) < 1, 

we get 

 ‖𝒲ℋ(𝜇)‖

 ≤
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)

 × ∫  
𝜇

0

 Ωℛ
𝛿+𝜏−1(𝜇, 𝑠)𝒲 ′(𝑠)‖ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒵ℋ(𝑠))‖𝑑𝑠 + ‖ℬ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒵ℋ(𝜇))‖

 ≤
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)
∫  
𝜇

0

  (ℬ(𝜇) −ℬ(𝑠))𝛿+𝜏−1ℬ′(𝑠)(𝐿̂𝒴 + 𝐿‾𝒴[‖ℋ‖ + ‖𝒢ℋ + ‖𝒰ℋ‖])𝑑𝑠

 +𝑀̂𝒞 +𝑀‾𝒞[‖ℋ‖ + ‖ℋ‖ + ‖𝒵ℋ‖]

 ≤
(ℛ(𝑏) −ℛ(0))𝛿+𝜏

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 1)
(𝐿̂𝒴 + 𝐿‾𝒴Θ(1 + 𝒢∗ + 𝒵∗)) + 𝑀̂ℬ +𝑀‾ℬΘ(1 + 𝒢∗ + 𝒵∗)

 

Then, the operator 𝒲 is uniformly bounded. 

(iii) 𝒲 is equicontinuous: 

Let 𝜇1, 𝜇2 ∈ [0, 𝑏], (𝜇1 < 𝜇2), and ℋ ∈ 𝒮, by using our assumptions, we get 

‖(𝒲ℋ)(𝜇2) − (𝒲ℋ)(𝜇1)‖

 = ‖
1

𝑝𝛿+𝜏Γ(𝛿 + 𝜏)

 × ∫  
𝜇2

0

 Ωℬ
𝛿+1(𝜇2, 𝑠)ℛ

′(𝑠)ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒰ℋ(𝑠))𝑑𝑠 +ℬ(𝜇2,ℋ(𝜇2), 𝒢ℋ(𝜇2), 𝒰ℋ(𝜇2))

 −
1

𝜌𝛿+𝜏(𝛿 + 𝜏)

 × ∫  
𝜇1

0

 Ωℬ
𝛿+𝜏−1(𝜇1, 𝑠)ℋ

′(𝑠)ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒰ℋ(𝑠))𝑑𝑠 −ℬ(𝜇1,ℋ(𝜇1), 𝒢ℋ(𝜇1), 𝒵ℋ(𝜇1))‖

 = ‖
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)

 × ∫  
𝜇2

𝜇1

 Ωℬ
𝛿+𝜏−1(𝜇2, 𝑠)

ℬ(𝑠)ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒰ℋ(𝑠))𝑑𝑠 +ℬ(𝜇2,ℋ(𝜇2), 𝒢ℋ(𝜇2), 𝒰ℋ(𝜇2))

 +
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)
∫  
𝜇1

0

  (Ω𝒢
𝛿+𝜏−1(𝜇2, 𝑠) −Ωℬ

𝛿+𝜏−1(𝜇1, 𝑠))ℋ
′(𝑠)ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒵ℋ(𝑠))𝑑𝑠

 −ℬ
(𝜇1,ℋ

′(𝜇1),𝒵ℋ
′(𝜇1),ℤ⋅ℋ

′(𝜇1))∣

 ≤
(𝐿̂𝒮 + 𝐿‾𝒮Θ(1 + 𝒢

∗ + 𝒰∗))

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)
‖∫  

𝜇2

𝜇1

  (ℛ(𝜇2) −ℛ(𝑠))𝛿+𝜏−1ℛ′(𝑠)𝑑𝑠

 +∫  
𝜇1

0

  ((ℛ(𝜇2) −ℛ(𝑠))𝛿+𝜏−1 − (ℛ(𝜇1) −ℛ(𝑠))𝛿+𝜏−1)ℛ′(𝑠)𝑑𝑠‖

 +‖ℬ(𝜇2,ℋ(𝜇2), 𝒢ℋ(𝜇2), 𝒰ℋ(𝜇2)) −ℬ(𝜇1,ℋ(𝜇1), 𝒢ℋ(𝜇1), 𝒰ℋ(𝜇1))‖

 

≤
(𝐿̂𝒴 + 𝐿‾𝒴Θ(1+ 𝒢∗ + 𝒰∗))

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 1)
‖(ℛ(𝜇2) −ℛ(0))𝛿+𝜏 − (ℛ(𝜇1) −ℛ(0))𝛿+𝜏‖

 +‖ℬ(𝜇2,ℋ(𝜇2), 𝒢ℋ(𝜇2), 𝒵ℋ(𝜇2)) −ℬ(𝜇1,ℋ(𝜇1), 𝒢ℋ(𝜇1), 𝒰ℋ(𝜇1))‖
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By using the continuity of the functions ℬ,ℛ,ℋ, and by Lebesgue dominated 

convergence theorem, from the above inequality, we get ‖(𝒲ℋ)(𝜇2) − (𝒲ℋ)(𝜇1)‖ → 0 as 𝜇1 →

𝜇2. Hence, the operator W is Equi continuous. From (ii) and (iii), and by the Arzela-Ascoli 

theorem, it follows that 𝒲(𝒮) is relatively compact. Moreover, since 𝒲(𝒮)is continuous, it is 

completely continuous. From Theorem 3.1, the operator P has at least one fixed point in S. 

Therefore, the system (1) has at least one solution 𝐻 ∈ 𝐶(𝜒, 𝑋). 

We then go on to show that the solution to the system (1) is unique. This results in the 

subsequent theorem. 

Theorem 3.3. Let assumptions (𝐴1) − (𝐴3) hold. Then the system (1) has a unique 

solution ℋ ∈ 𝐶(𝜒,𝒳) provided that 

Λ =
(ℛ(𝑏) −ℛ(0))𝛿

Ωℛ
𝛿 (𝑏,0)

𝐾𝜑 +𝑀ℬ(1 + 𝒢
∗ + 𝒵∗) +

(ℛ(𝑏) −ℛ(0))𝛿+𝜏

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 1)
𝐿ℱ(1 + 𝒢

∗ + 𝒵∗) < 1 

Proof. Suppose that (12) provides the operator 9. Using the same justifications as in 

Step 1, we have that 𝒫(𝒮) ⊂ 𝒮, where 𝒮 = {ℋ ∈ 𝒬: ‖ℋ‖ ≤ Θ}, and Θ satisfied (10). Let 𝜇 ∈

[0, 𝑏],ℋ, 𝑣 ∈ 𝒮, by using the assumptions (𝐴1)(𝑖), (𝐴2)(𝑖), and (𝐴3)(𝑖), we have 

‖𝒫ℋ(𝜇) − 𝒫𝑣(𝜇)‖

 = ‖
Ω𝒵
𝛿 (𝜇,0)𝜑(ℋ)

Ω𝒵
𝛿 (𝑏,0)

+
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)

 × ∫  
𝜇

0

 Ωℋ
𝛿+𝜏−1(𝜇, 𝑠)ℋ′(𝑠)ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒵ℋ(𝑠))𝑑𝑠 +ℋ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒰ℋ(𝜇))

 −
Ω𝑍⏜
𝛿(𝜇,0)𝜑(𝑣)

Ω𝑍⏜
𝛿(𝑏,0)

−
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)

 × ∫  
𝜇

0

 Ωℛ
𝛿+𝜏−1(𝜇, 𝑠)𝒲 ′(𝑠)ℱ(𝑠, 𝑣(𝑠), 𝒢𝑣(𝑠), 𝒵𝑣(𝑠))𝑑𝑠 −ℬ(𝜇, 𝑣(𝜇), 𝒢𝑣(𝜇), 𝒵𝑣(𝜇))‖

 ≤
(ℛ(𝑏) −ℛ(0))𝛿

Ω𝒵
𝛿 (𝑏,0)

‖𝜑(ℋ) − 𝜑(𝑣)‖ + ‖ℬ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒵ℋ(𝜇)) −ℬ(𝜇, 𝑣(𝜇), 𝒢𝑣(𝜇), 𝒵𝑣(𝜇))‖

 +
1

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)

 × ∫  
𝜇

0

  (ℛ(𝜇) −ℛ(𝑠))𝛿+𝜏−1ℬ′(𝑠)‖ℱ(𝑠,ℋ(𝑠), 𝒢ℋ(𝑠), 𝒵ℋ(𝑠)) − ℱ(𝑠, 𝑣(𝑠), 𝒢𝑣(𝑠), 𝒵𝑣(𝑠))‖𝑑𝑠

 ≤
(ℛ(𝑏) −ℛ(0))𝛿𝐾𝜑

Ωℛ
𝛿 (𝑏,0)

‖ℋ − 𝑣‖ + 𝑀𝒜 [‖ℋ − 𝑣‖ +∫  
𝑠

0

 ‖Π(𝑠, 𝑡)‖‖ℋ − 𝑣‖𝑑𝑡 + ∫  
𝑇

0

  ‖Π1(𝑠, 𝑡)‖‖ℋ − 𝑣‖𝑑𝑡]

 +
𝐿𝑠

𝜌𝛿+𝜏Γ(𝛿 + 𝜏)
∫  
𝜇

0

  (ℬ(𝜇) −ℬ(𝑠))𝛿+𝜏−1ℛ′(𝑠)

 × [‖ℋ − 𝑣‖ + ∫  
𝑠

0

  ‖Π(𝑠, 𝑡)‖‖ℋ − 𝑣‖𝑑𝑡 + ∫  
𝑇

0

  ‖Π1(𝑠, 𝑡)‖‖ℋ − 𝑣‖𝑑𝑡] 𝑑𝑠

 ≤ (
(ℛ(𝑏) −ℛ(0))𝛿

Ω𝒵
𝛿 (𝑏,0)

𝐾𝜑 +𝑀𝒜(1+ 𝒢
∗ + 𝒵∗) +

(ℰ(𝑏) −ℛ(0))𝛿+𝜏

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 1)
𝐿𝒮(1 + 𝒢

∗ + 𝒵∗))‖ℋ − 𝑣‖

 = Λ‖ℋ − 𝑣‖. 

 

In accordance with condition (14), 𝒫 is a contraction. Because of this, 𝒫 has a unique 

fixed point ℋ ∈ 𝐶(𝜒,𝒳), which is the only solution to the system (1) in 𝐶(𝜒,𝒳). 
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4. Applications 

A real-world example is presented in this section to demonstrate how our key findings 

can be used. 

Example 1. We examine the subsequent nonlinear GCFV-FIDE: 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 
𝐶
1
2

𝐷
0+

3
2
,𝜇
(𝐶

1
2

𝐷
0+

1
2
,𝜇
(ℋ(𝜇) −

𝜇2

8
(1+

|ℋ𝑒(𝜇)|

2(1 + |ℋ2(𝜇)|)
) +

1

(𝜇 + 4)2
𝒢ℋ(𝜇) +

1

2(𝑒𝜇 + 2)3
𝒰ℋ(𝜇)))

=
𝜇2

2
(𝑒𝜇 +

𝜒

16(𝜇2 + 2)

|ℋ𝑒(𝜇)|

(1 + |ℋ(𝜇)|)
) +

𝜒

64
𝒢ℋ(𝜇) +

𝜇2

2

𝜒

32
𝒰ℋ(𝜇), 𝜇 ∈ 𝜒 = [0,1]

(ℋ(𝜇) −
𝜇2

8
(1+

|ℋ(𝜇)|

2(1+ |ℋ2(𝜇)|)
) +

1

(𝜇 + 4)2
𝒢ℋ(𝜇) +

1

2(𝑒𝜇 + 2)3
𝒰ℋ(𝜇))

𝜇=0

= 𝑢0 ∈ ℝ

(ℋ(𝜇) −
𝜇2

8
(1+

|ℋ(𝜇)|

2(1+ |ℋ2(𝜇)|)
) +

1

(𝜇 + 4)2
𝒢ℋ(𝜇) +

1

2(𝑒𝜇 + 2)3
𝒰ℋ(𝜇))

𝜇=0

= 0

(ℋ(𝜇) −
𝜇2

8
(1 +

|ℋ(𝜇)|

2(1+ |ℋ(𝜇)|)
) +

1

(𝜇 + 4)2
𝒢ℋ(𝜇) +

1

2(𝑒𝜇 + 2)3
𝒰ℋ(𝜇))

𝜇=1

+
|ℋ2 (

1
2
)|

9 (1+ |ℋ (
1
2
)|)

+
3

17
= 𝑢1 ∈ ℝ,

 

where 𝜏 =
3

2
, 𝜌 = 𝛿 =

1

2
,ℛ(𝜇) = 𝜇, 

ℱ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒵ℋ(𝜇)) =
𝜇2

2
(𝑒𝜇 +

𝜒

16(𝜇2+2)

|ℋ(𝜇)|

(1+|ℋ(𝜇)|)
) +

𝜒

64
𝒢ℋ(𝜇) +

𝜇2

2

𝜒

32
𝒵ℋ(𝜇), 

ℬ(𝜇,ℋ(𝜇), 𝒢ℋ(𝜇), 𝒵ℋ(𝜇)) =
𝜇2

8
(1+

|ℋ(𝜇)|

2(1+|ℋ(𝜇)|)
) +

1

(𝜇+4)2
𝒢ℋ(𝜇) +

1

2(𝑒𝜇+2)3
𝒵ℋ(𝜇), 

𝜑(ℋ) =
|ℋ(

1

2
)|

9(1+|ℋ(
1

2
)|)
+

3

17
, 

and 

𝒢ℋ(𝜇) = ∫  
𝜇

0

 𝜇2𝑒𝑠|ℋ(𝑠)|𝑑𝑠

𝒰ℋ(𝜇) = ∫  
1

0

 
𝑠

𝜇2 + 3
|ℋ(𝑠)|𝑑𝑠

𝒢∗ = max
𝜇∈[0,1]

 ∫  
𝜇

0

 𝜇2𝑒𝑠𝑑𝑠 = 𝑒 − 1 ≈ 1.718

𝒰∗ = max
𝜇∈[0,1]

 ∫  
1

0

 
𝑠

𝜇2 + 3
𝑑𝑠 =

𝑒2 − 1

6
≈ 1.065.

 

Let's first verify the hypotheses (𝐴1), (𝐴2), and (𝐴3). ∀𝜇 ∈ [0,1] and 𝑣, 𝑤,𝑚 ∈ ℝ, we get 

 ‖ℱ(𝜇, 𝑣, 𝒢𝑣, 𝒵𝑣) − ℱ(𝜇, 𝑤, 𝒢𝑤, 𝒵𝑤)‖

 ≤
𝜇2

2

𝜒

16(𝜇2 + 2)

‖𝑣 − 𝑤‖

(1+ ‖𝑣‖)(1+ ‖𝑤‖)
+
𝜒

64
‖𝒢𝑣 − 𝒢𝑤‖ +

𝜇2

2

𝜒

32
‖𝒵𝑣 − 𝒵𝑤‖

 ≤
𝜒

64
[‖𝑣 − 𝑤‖ + ‖𝒢𝑣 − 𝒢𝑤‖].

‖ℱ(𝜇, 𝑣, 𝒢𝑣, 𝒵𝑣)‖ = ‖
𝜇2

2
(𝑒𝜇 +

𝜒

16(𝜇2 + 2)

|𝑣|

(1 + |𝑣|)
) +

𝜒

64
𝒢𝑣 +

𝜇2

2

𝜒

32
𝒵𝑣‖

 ≤
𝑒

2
+
𝜒

64
[‖𝑣‖ + ‖𝒢𝑣‖ + ‖𝒵𝑣‖].

 

Hence, hypotheses (𝐴1) holds with 𝐿ℱ = 𝐿‾ℱ =
𝜒

64
 and 𝐿̂ℱ =

𝑒

2
. We get 
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 ‖ℬ(𝜇, 𝑣, 𝒢𝑣, 𝒵𝑣) −ℬ(𝜇, 𝑤, 𝒢𝑤, 𝒵𝑤)‖

 ≤
𝜇2

16

‖𝑣 − 𝑤‖

(1 + ‖𝑣‖)(1+ ‖𝑤‖)
+

1

(𝜇 + 4)2)
‖𝒢𝑣 − 𝒢𝑤‖ +

1

2(𝑒𝜇 + 2)3
‖𝒵𝑣 − 𝒵𝑤‖

 ≤
1

16
[‖𝑣 − 𝑤‖ + ‖𝒢𝑣 − 𝒢𝑤‖ + ‖𝒵𝑣 − 𝒵𝑤‖].

 ‖ℬ(𝜇, 𝑣, 𝒢𝑣)‖ = ‖
𝜇2

8
(1+

|𝑣|

2(1 + |𝑣|)
) +

1

(𝜇 + 4)2
𝒢𝑣 +

1

2(𝑒𝜇 + 2)3
𝒵𝑣‖

 ≤
1

8
+

1

16
[‖𝑣‖ + ‖𝒢𝑣‖ + ‖𝒵𝑣‖].

 

Then, hypotheses (𝐴2) holds with 𝑀ℬ = 𝑀‾ℬ =
1

16
 and 𝑀̂ℬ =

1

8
. We get 

 ‖𝜑(𝑣) − 𝜑(𝑤)‖ ≤
1

9

‖𝑣 − 𝑤‖

(1+ ‖𝑣‖)(1+ ‖𝑤‖)
≤

1

9
‖𝑣 − 𝑤‖

 ‖𝜑(𝑣)‖ = ‖
|𝑣|

9(1+ |𝑣|)
+

3

17
‖ ≤

3

17
+

1

9
‖𝑣‖

 

Then, hypotheses (𝐴3) holds with 𝐾𝜑 = 𝐾‾𝜑 =
1

9
 and 𝐾̂𝜑 =

3

17
. Condition (11) also holds: 

(ℛ(1) −ℛ(0)))𝛿

Ωℛ
𝛿 (1,0)

𝐾𝜑 =
1

𝑒−1

1

9
≈ 0.302 < 1 

There is at least one solution to the nonlinear system (15) with ℋ ∈ 𝐶(𝜒,ℝ). 

The following is the uniqueness of the solution to the nonlinear system (15) based on condition 

(14): 

Λ =
(ℛ(1) −ℛ(0))𝛿

Ω𝒢
𝛿(1,0)

𝐾𝜑 +𝑀𝒢(1 + 𝒢
∗ + 𝒵∗) +

(ℛ(1) −ℛ(0))𝛿+𝜏

𝜌𝛿+𝜏Γ(𝛿 + 𝜏 + 1)
𝐿𝒴(1 + 𝒢

∗ + 𝒵∗)

 =
1

𝑒−1

1

9
+

3.783

16
+

1

1
4

Γ(3)

𝜒

64
3.783 ≈ 0.90987 < 1

 

This implies that the nonlinear system (15) has one solution with ℋ ∈ 𝐶(𝜒,ℝ). 

5. Conclusions and Recommendations 

The existence and uniqueness of solutions for a class of nonlinear fractional Volterra–

Fredholm integro differential systems subject to non-local conditions using the generalized 

Caputo proportional fractional derivative were examined in this work. The use of 

Krasnoselskii’s fixed-point theorem proved the existence of solutions, and Banach’s 

contraction principle guaranteed the uniqueness of the solution under proper circumstances. 

The theoretical analysis was conducted inside a suitable functional framework. 

By adding generalized fractional derivatives and non-local boundary conditions to the 

Volterra–Fredholm framework, the obtained results go beyond a number of previous research 

in the literature. Illustrative examples were provided to support the theoretical conclusions 

and show how the generated results were useful and applicable. 
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6.Suggestions 

Several suggestions can be made in light of the study’s findings: 

1. Researchers are urged to adapt the theoretical framework that has been presented to 

more complicated nonlinear fractional systems that occur in practical applications, especially 

in population dynamics, control theory, and viscoelasticity. 

2. To estimate solutions of nonlinear fractional Volterra–Fredholm systems, it is advised 

to look into numerical approaches that are compatible with the generalized Caputo 

proportional fractional derivative. 

3. To increase the applicability of the given results, additional analytical research can 

take into account loosening some of the restrictive assumptions on nonlinear terms or kernel 

functions. 

7. Future Works  

The current study may be extended in a number of ways in future research lines. 

Studying stability characteristics for nonlinear fractional Volterra–Fredholm systems with 

generalized fractional operators, such as Ulam–Hyers stability, Mittag–Leffler stability, or 

asymptotic stability, is one potential avenue. Lastly, other kinds of fractional integro 

differential equations, such as impulsive systems, coupled systems, and systems with time-

dependent kernels, which are still difficult and open problems in the field of fractional 

calculus, can be solved using the theoretical framework created in this study. 
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Abstract : 

Diabetic Nephropathy is one of the most dangerous chronic complications of diabetes mellitus, which is a 

progressive weakening of the structure and functioning of the kidneys, the end result of which is end-stage renal 

failure. Although significant achievements have been made in the management of diabetes, the renal burden of 

the disease is ever-increasing around the world, thus the necessity to design better approaches to the diagnosis 

and prognosis of this disease. This paper aims to investigate the biology of Diabetic kidney disease (DKD) 

alongside the interaction of glycemic dysregulation, lipid abnormalities, inflammatory pathways, and oxidative 

stress. Particular attention is given to new biomarkers, such as new protein markers and omics-based signatures, 

which show significant potential of meaningfulness in predicting disease progression and disease course.This 

work will combine both proven and new diagnostic methods to help with the proper risk stratification, inform 

individualized clinical decisions, and eventually facilitate the earlier therapeutic intervention to slow down the 

catastrophic development of diabetic nephropathy in the affected patients. 

Keywords: Customized Medicine, Pathophysiology, Risk Assessment, Diabetic Nephropathy, Diabetes 

Mellitus, Kidney Failure. 
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1. Introduction 

The Diabetic kidney disease (DKD) is one of most disastrous microvascular 

complications of Diabetic mellitus that has overtaken the most world prevalent conditions in 

the form of end-stage renal disease and close to 40 percent of diabetes population has this 

condition currently (Alicic et al., 2017). The DKD burden is growing exponentially worldwide, 

epidemiological reports show a 33 % rise in the prevalence of chronic kidney disease between 

1990 and 2017, with diabetic nephropathy contributing a big share of this rise (Saeedi et al., 

2019). This is especially the case in developing countries where the rate of diabetes is 

increasing at an unprecedented rate because people are moving into urban areas, changing 

their lifestyles and aging (Cho et al., 2018). The issue of high-quality management of this 

pathology requires not only an adequate diagnosis of potential cases but also the ability to 

determine the trajectory of the course of the disease in a particular person, which will allow 

timely introducing nephron-protective measures and increasing the quality of long-term 

patient outcomes by many times (Tuttle et al., 2014). 

Biomarkers The main biomarkers that are utilized currently in clinical practice are 

considered to be traditional, such as serum creatinine and estimated glomerular filtration rate 

(eGFR) and albuminuria, which are used to assess and monitor DKD. These primary 

indicators exhibit a significant weakness in the early signs of kidney damage and inaccuracy 

in forecasting the disease course trajectories (Coca et al., 2012). The application of newer 

biomarkers has a great potential in terms of earlier diagnosis and risk stratification, which 

appear to provide a good source of better clinical decision-making and potential patient 

outcome improvement (Satirapoj & Adler, 2014). 

1.1 Pathophysiological Mechanisms of Diabetic kidney disease: 
Pathogenesis and evolution of DKD includes interplays of several pathophysiological 

pathways; metabolic disturbances, hemodynamics, inflammatory, and oxidant stress exist 

(Sagoo & Gnudi, 2020). An initial feature of Diabetes mellitus, hyperglycemia triggers a series 

of molecular processes that eventually lead to structural and functional kidney architecture 

degradation Preservation of renal architecture depends mainly on the ability to prevent 

hyperglycemia but also in homeostasis and renal remodeling processes through renal 

straitening (Reidy et al., 2014), reduction of blood pressure, prevention of micro-albuminuria 

and maintenance of cellular structure and tissue repair processes Pathogenesis includes 

complex crosstalk between glomerular endothelial cells, podocytes, mesangial cell, and 

tubular epithelial cells, all of which play the part in the progressive nature of kidney damage 

(Najafian et al., 2011). 

1.2 Induced Renal Damage Hyperglycemia: 

Hyperglycemia is the major contributor of DKD pathogenesis by various interrelated 

mechanisms. High glucose levels induce a number of adverse mechanisms, such as the polyol 

pathway, advanced glycation end-product (AGE) formation, activation of protein kinase C, and 

flux through the hexosamine pathway (Forbes & Cooper, 2013). AGE accumulation, in 
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response to methylglyoxal and other reactive carbonyl species, is important in early-onset 

diabetic nephropathy development (Rabbani & Thornalley, 2018). The result is 

glomerulosclerosis and tubulointerstitial fibrosis through oxidative stress, stimulated 

inflammatory responses and induced structural changes in glomerular and tubular functions 

(Yamazaki et al., 2021). 

1.3 Vascular Changes, Hemodynamic Changes: 

In addition to metabolic alterations, DKD has been typified by severe hemodynamic 

aberrations and vascular changes that lead to a progressive renal dysfunction (Vallon & 

Thomson, 2020). This trait is usually characterized by glomerular hyperfiltration, which is a 

compensative process that arises in response to low renal perfusion and loss of nephrons, 

and is usually the defining characteristic of the early phases of DKD. Although this adaptive 

hyperfiltration response seems to maintain normal kidney function initially, the development 

of albuminuria and progressive nephron loss in the long run occur due to causing elevated 

intraglomerular pressure and shear stress enhancement (Ruggenenti et al., 2010). 

1.4 Disorders of Oxidative Stress and Inflammatory Cascades: 

DKD pathogenesis is directly associated with oxidative stress and chronic inflammatory 

mechanism further causing kidney damage (Jha et al., 2016). Endothelial dysfunction as a 

result of hyperglycemia produces reactive oxygen species that trigger inflammatory cascades 

and attract immune cells and further activate pro-inflammatory cytokines such as tumor 

necrosis factor-alpha, interleukin-1beta, and transforming growth factor-beta (Wada & 

Makino, 2013). The continuous occurrence of such inflammatory mediators along with the 

buildup of AGEs, enhances subsequent damage of the renal parenchymal tissues, and these 

include glomeruli the tubules and the interstitium (Tesch, 2008).. 

1.5  New Biomarkers in the Early Risk Stratification: 

Suboptimal assessment of the current diagnostics markers has spurred the case of 

novel ones that could lead to better early DKD detection and risk stratification (Pena et al., 

2015). The new biomarkers offer greater potential to clinicians in identifying structural and 

functional changes in the kidney at early stages of the disease so that therapeutic measures 

can be undertaken in time with precision. The growing capacities of proteomics, 

metabolomics, and genomics have yielded many promising candidates, such as kidney injury 

molecule-1 (KIM-1),neutrophil gelatinase-associated lipocalin (NGAL), and a variety of 

inflammatory markers that reflect different pathophysiologic processes (Ma et al., 2025). 

Comprehension of complicated pathophysiological processes and incorporation of new 

biomarker methodologies translate into a paradigm shift toward precision medicine in the 

DKD management field, with significant potential to transform clinical practice by means of 

personalized risk identification and individualized treatment strategies (Yamanouchi et al., 

2017). 
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2. Methods 

2.1 Design and set up of the research: 

It is a cross-sectional comparative study carried out in the Al-Kut Educational Hospital 

and Al-Karama Teaching Hospital in the Wasit Province, Iraq, during six months (July 2021 

to December 2021). The research question was to examine physiological mechanisms and 

biomarker-based predictive models of early risk stratification in diabetic kidney disease 

patients compared to healthy people. This protocol research had been reviewed by the 

Institutional Review Board and had been carried out in line with Declaration of Helsinki. Each 

participant also signed written informed consent before the enrollment. 

2.2 Study and recruitment population: 

 

2.3 Rules of Eligibility: 

Case group inclusion criteria: Adults with type 2 Diabetes mellitus (more than 5 years 

duration) and reduced glomerular filtration rate (eGFR < 90 mL/min)>2 years of age or micro-

albuminuria (more than 30 mg/g albumin) 40 to 70 years old . Inclusion criteria of the control 

group: Normal renal and antihypertensive medication, normal renal; healthy adults free of 

diabetes, hypertension, or chronic disease. Both groups had exclusion criteria which include: 

acute or non-diabetic kidney damage, autoimmune diseases, cancer, taking nephrotoxic 

drugs and being pregnant or nursing. 

2.4 Laboratory and Collection of Data: 

The medical data that was collected clinically consisted of demographic data, a medical 

history, and standardized methods of collecting anthropometric data. A thorough laboratory 

assessment was accomplished in all participants following the correct initial fasting . 

Collection of blood and urine samples: From our participants, five milliliters of their venous 

blood were collected. Albuminuria and creatinine clearance were quantified by the taking of 
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10 mL midstream urine samples. All the samples were processed by freezing in -20o C and 

stored until analysis. 

As traditional biomarkers, the laboratory measures showed serum glucose, HbA1c, 

serum creatinine, blood urea nitrogen, estimated glomerular filtration rate (calculated by 

commonly used equations), lipid profile (total cholesterol, LDL, HDL, triglycerides), and 

urinary albumin to creatinine ratio . 

Analysis of novel biomarkers: kidney injury molecule-1 (KIM- 1) is a highly sensitive 

biomarker of tubular kidney injury that becomes elevated in response to multiple renal 

insults, such as hyperglycemia-associated oxidative stress and inflammation. 

All the biochemical readings were done in the Biochemistry Laboratory of Al-Kut 

Educational Hospital with standardized automated procedures in it to provide uniformity and 

accuracy of data. 

2.5 Statistical Methods: 

Data was analyzed with SPSS Version 28.0 (IBM Corp., Armonk, NY). Means with 

standard deviations (SD) of continuous variables and frequencies of categorical variables were 

considered as descriptive data. Independent t-tests were used in case-control comparisons to 

determine differences between the diabetic kidney disease group and healthy controls to 

conduct comparative studies. Differences between various stages of chronic kidney disease 

were determined using analysis of variance (ANOVA). The Pearson correlation analysis was 

used to evaluate the relationship between biomarkers to determine whether there are 

significant associations between the conventional and the emerging biomarkers. Statistical 

significance was accepted at p < 0.05 in all statistical tests and where applicable, confidence 

intervals and their 95-percent confidence limits were provided.  

2.6 Ethical considerations and quality Assurance: 

These quality assurances consisted of standardized sample collection procedures, direct 

sample processing and adequate sample storage and, where possible, blinded laboratory 

testing to eliminate bias. Quality control measures were adopted in all of the laboratory 

procedures. Issues of ethics were also taken into consideration; this included the presence of 

informed consent by all the participants, confidentiality of the participant data and 

appropriate clinical referral of any abnormal results identified during the study. There was a 

low risk of any adverse effect on the participants and researchers restricted to usual blood 

and urine sample tests. Management of data was undertaken in a manner that ensured proper 

storage of all participant details with proper de-identification of the participants to ensure 

their privacy was locked and at the same time data were to be maintained to allow statistical 

analysis. 

3.Results 

3.1 Interpatient and Control Group Comparison: 

In Figure 1, the distribution of the patients with Diabetic kidney disease (DKD) and the 

healthy control group is shown, in which the statistical significance of the key biomarkers is 
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emphasized. The DKD group has significantly higher serum glucose, HbA1c, urea and 

creatinine than the healthy population, which is in accordance with the metabolic and renal 

dysfunction expected in this disease. The serum glucose is elevated, indicating the poor 

glycemic control, and the markedly increased HbA1c reflects the hyperglycemic state that has 

been present during the last 2-3 months. These high glycemic indices describe the 

pathophysiological mechanism leading to progression of DKD. The concentration of both 

creatinine and urea levels were significantly higher in the DKD group than controls, 

suggesting a decline in kidney function and glomerular filtration ratio. The patient group also 

showed significantly increased urinary albumin excretion and albumin creatine ratio, which 

are indicative of progression of diabetic nephropathy. The co-occurrence of these biomarkers 

is indicative of poor glucose control and loss of renal energy (characteristic of Diabetic  

disease). 

 

 

 

 

 

 

 

 

Figure 1, Effect of DKD on Sugar, Protein, Creatinine and HbA1c 

3.2 Comparison of creatinine Levels in Patients and Control Patients: 

Figure 2 shows a comparison of serum creatinine level between the patient segment 

with Diabetic kidney disease, and the healthy control segment. The median serum 

concentration of creatinine in the group of patients is significantly higher than that of the 

control group indicating poor renal functioning. Serum creatinine is considered sympathetic 

of the poor renal performance since it is a known standard of glomerular filtration rate. The 

interquarter range shows that the values of most of the patients are higher than the control 

group, which again proves that the renal dysfunction condition exists in diabetic kidney 

disease patients. 

The wide range that the creatinine readings in the patient group, where some of the 

readings stood at 3.0 mg/dL, reveals that the level of renal impairment varies among the 

diabetic kidney disease group. As compared to the control group, there is a narrower range of 

lower values of creatinine levels in the control group, which would imply that the kidneys are 

functioning normally. The median healthy adult creatinine is below 1.2mg/dL that is within 

the reference range. This underlines the inequalities in the course of renal dysfunction among 

the diabetic patient group, which substantiates the individualization of the monitoring and 

treating strategies. 
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Figure 2, illustrate a comparison of serum creatinine level between the patient segment with 

Diabetic kidney disease. 

3.3 Biomarker Correlation Matrix: 

The picture shown in Figure 3 presents the correlation matrix that identifies the 

correlations between significant biomarkers in patient groups of diabetic kidney disease and 

healthy controls. The significant results are the following : 

3.3.1 Inverse Association in the eGFR with the Kidney Markers: 

The present data reflect a close negative relationship that exists between estimated 

glomerular filtration rate (eGFR) and serum creatinine, which proves that increased levels of 

creatinine characterize reduced functioning of the kidneys. This way, an elevated level of blood 

urea nitrogen is also related to the reduced eGFR, which further indicates the existence of 

renal disease. In addition, HbA1c has an inverse relationship with eGFR, and the results 

indicated that the lack of glycemic control has direct proportionality to a worsening kidney 

decline. This inverse association exhibits the definitive, pathophysiological association 

between metabolism management and the preservation of renal functions in diabetic patients 

revealing the reason to achieve maximum glycemic control to prevent or delay the 

deterioration of kidney functions . 

3.3.2 Diabetic and lipid biomarker positive correlations: 

HbA1c positively correlates well with blood glucose since it also indicates the long-term 

glycemic control. The research also reveals that dyslipidemia is related to high HbA1c, which 

is the indicator of poor glycemic control. This dyslipidemia in patients with chronic kidney 

disease makes them to have cardiovascular risks since it elevates LDL levels. The association 

of triglycerides and LDL also indicates extreme lipid disorders in diabetic patients. These 

interconnected results demonstrate the relationship between metabolic dysfunction in 

diabetes: inadequate glycemic regulation is the initiating factor of a complex of issues that 

include dyslipidemia, which in combination with each other expedite the development of 

cardiovascular and kidney outcomes. 
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3.3.3 Inverse Correlation of Risk Variables With HDL: 

The correlation between HbA1c and HDL as well as LDL and HDL is inversely correlated. 

A lack of HDL is the indicator of progressive worsening of diabetes and rise of the renal 

markers, which is consistent with the research that low HDL and high LDL are risk factors of 

cardiovascular diseases in chronic renal disease. This negative correlation indicates that 

increased HDL levels protect against diabetic patients: the more HDL, the better is the control 

of metabolic and cardiovascular processes and the minimization of risks of cardiovascular 

and renal failure in diabetic kidney disease, and the lower the HDL, the more atherogenic lipid 

profile, which increases risks of cardiovascular disease and renal disease. 

3.3.4 High Correlation in Albumin Biomarkers: 

As expected the urinary albumin excretion and the ratio of albumin to creatinine are 

strongly correlated since they are both used to determine albuminuria, a symptom of diabetic 

kidney disease.   

These results demonstrate that the interaction between the glycemic control, lipid 

metabolism, and renal activity is extremely complicated. These biomarkers should be carefully 

considered in the early risk testing in order to control diabetic kidney disease to a greater 

extent.   

The correlation coefficient of albumin based markers is high and this validates that they 

can be used clinically as supplementary renal damage indicators and it is therefore justified 

that they should be used regularly in the diagnosis of diabetic patients with kidney disease 

early diagnosis. 

 

Figure 3  the correlation matrix between significant biomarkers in patient groups of Diabetic 

kidney disease and healthy controls 
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3.4 Stage Distribution of CKD in Patients: 

Figure 4 illustrates the pie chart distribution of the phases of chronic kidney disease 

with patients with Diabetic kidney disease. The points of the salient findings are listed as 

follows: 

3.4.1 Stages 1 Distribution and Characteristics:  

Stage 1 has the proportion of about 12% of the patients. At the given stage, the renal 

functioning stays normal, still, some signs of the initial renal failure can be observed, even 

without the drop of the glomerular filtration rate. This phase is usually asymptomatic but is 

a predisposing factor towards the onset of chronic kidney disease especially in patients who 

have poor glycaemic control. Therefore, patients at Stage 1 form an important population in 

the establishment of preventive measures. It is possible that early intervention, intensive 

glycaemic control, careful observation of other risk factors, or specific education can reduce, 

or at least significantly slow down the further advancement to the more severe stages of the 

pathogenesis of the disease. 

3.4.2 Distribution and Clinical Implication Distribution In Stage 2: 

Stage 2 stage is the most common part of the study population, with 32% of the patients 

and is characterised by mild renal impairment. Clinicians have a duty of closely observing 

such persons and applying nephroprotective measures that would prevent the onset of 

additional worsening. This phase is characterized by the high number of patients; hence, 

urgent evidence-based treatment is needed. When applied timely and in an active way, such 

interventions could bring about considerable changes in the long-term renal outcomes. In this 

regard, the use of close follow-ups, frequent examination of the kidney function and active 

therapeutic changes must be emphasized in this cohort. 

 

Figure 4, illustrates the pie chart distribution of the phases patients with Diabetic kidney 

disease 
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3.4.3 Stage 3 Severity and Management Requirements:   

Stage 3 involves approximately 30 percent of all investigated cohort and is characterized 

by significantly impaired renal function, a high level of serum creatinine and urea. The 

patients in this age group are high-risk patients prone to cardiovascular events and hence 

should be closely monitored. The degree of renal impairment presented which is moderate to 

severe requires a multifaceted approach in nephroprotection. This approach must not focus 

on the renal preservation but also on cardiovascular risk reduction and the strategic way of 

approaching the possible renal replacement therapies. These findings require clinicians to 

take a multidisciplinary approach, which guarantees that renal and cardiovascular 

complications should be prevented and controlled to the optimum extent. 

3.4.4 Stage 4 Advanced disease and Therapy Manifestations: 

In our cohort, a percentage of 26 out of 100 is in Stage 4 CKD, the most end-stage 

kidney disease. Typical symptoms at this point are fatigue, fluid retention and electrolyte 

imbalance. Close surveillance and meticulous use of nephroprotective measures is an urgent 

action that must be taken to delay the onset of end-stage renal disease. The high percentage 

of those who are affected at this late stage shows the seriousness of the renal pathology among 

our diabetic population thus the need to institute extreme treatment measures in order to 

ensure that the ultimate outcome of dialysis or transplantation will subsequently not be 

required. 

3.4.5 Distribution of Stage: Clinical Significance:   

The prevalence data informs the heterogeneity of Diabetic patients in terms of the level 

of renal impairment. Knowing the stage distribution of chronic kidney disease among the 

study cohort may help to develop regionally specific screening measures and intervention 

associated with identifying the high-risk population, and preventing the further progression 

of diabetic nephropathy. The integral homogeneity of the scatter on stages 2, 3 and 4 (where 

88 percent of the participants are included) suggests that most of our sample group has renal 

disease manifested. It is therefore necessary to roll out elaborate early-detection and effective 

management initiatives to ensure that the advancement of the disease in the diabetic 

population is put at bay. 

3.5 More Biomarker Results: 

3.5.1 KIM-1 analysis: 

There was profound increase in KIM-1 levels in the urine of Diabetic kidney disease 

patients as compared to controls. This biomarker has shown to be a well-studied marker of 

early events of tubular damage in diabetic kidney disease. KIM-1 increases in the presence of 

several renal insults such as KIM-1 oxidative stress and inflammation resulting to 

hyperglycemia, and therefore is a sensitive biomarker of sustained kidney damage. The 

marked increase of KIM-1 in our diabetic patients gives credence to its possible use as a 

sensitized or early detection of tubular damage, which may be a precursor of the more obvious 
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development of proteinuria, and could be used earlier in the detection of certain patients in 

danger of Diabetic kidney disease development . 

3.5.2 Biomarker Panel Group: 

Multiprotein and peptide panels represented by biomarkers have immense possibilities 

in the early-detection of risks and in disease monitoring of Diabetic kidney disease (DKD). 

Since these multimarker methods can help to describe the variety of pathways in 

pathophysiology, they have been proved to be more sensitive and specific when it comes to 

predicting the onset and progression of diseases. This is also supported by the fact that a 

panel of biomarkers is superior to a single-analyte approach to diagnostics and prognostics. 

Broad evaluation of these panels can thus help to better risk categorize, even in patients with 

type 2 diabetes who have predisposition to kidney issues, and to be able to use individualized 

management plans based on the risk profile of the person. 

4. Discussion 

4.1 The Significance of Study Finding: 

This comparative cross-sectional study reveals the important findings related to the 

pathophysiological mechanism that are behind the diabetic kidney disease and also provides 

evidence on the potential usefulness of the recently developed biomarkers to stratify risks at 

early stages. found a significant correlation between the traditional diabetic indicators and 

the kidney functions parameters, further justifying the multifaceted relationship between 

metabolic imbalances and renal progressive deterioration (Cao & Cooper, 2011; Alicic et al., 

2017). The sample size of 50 participants (30 patients with the DKD and 20 healthy controls) 

demonstrated significant differences in the levels of biomarkers, as shown in Figure 1, with 

patients in the various stages of CKD: Stage 1 (12%), Stage 2 (32%), Stage 3 (30%), and Stage 

4 (26%). Independent t-tests were used to show statistically significant results between the 

patient and control groups in all the measured parameters. These findings are consistent with 

existing knowledge that diabetic kidney disease is a progressive disease that leads to gradual 

loss of renal functions overtime (Amorim et al., 2019; Jung & Yoo, 2022). 

4-2 The pathophysiological mechanisms and correlations of the biomarkers: 

The directions of the correlations observed between the markers of glycemic control and 

parameters of kidney functioning as shown in Figure(2) reflect the main pathophysiological 

processes in diabetic nephropathy. The ANOVA test showed that there were significant 

differences in HbA1c levels between CKD stages with an increasing trend going up CKD stages 

1-4. Persistent hyperglycemia triggers a series of adverse effects, including the production of 

advanced glycation end products (AGEs), the activity of protein kinase C and polyol pathway 

overactivity (Beisswenger et al., 2013; Rabbani & Thornalley, 2018). These processes combine 

to cause glomerular hyperfiltration, expansion of the mesangium and progressive 

tubulointerstitial fibrosis (Reidy et al., 2014; Kanwar et al., 2008). The Pearson correlation 

analysis showed that there was a significant negative association between eGFR and both the 

serum glucose and HbA1c, thus proving the centrality of chronic hyperglycemia in the process 

leading to nephron loss and dysfunction. The correlation patterns also indicate that metabolic 
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abnormalities are broader than glucose homeostasis, involving lipid metabolism and 

inflammatory processes, which are also associated significantly with the parameters of the 

lipid profile, as Figure(3) demonstrates (Vaziri, 2006; Forbes & Cooper, 2013).  

4-3 The novel biomarker performance and clinical value: 

The use of a new potential biomarker of kidney injury, kidney injury molecule-1 (KIM-

1) in our research is an advantageous contribution to the evaluation of diabetic kidney disease 

as shown in Figure (4) KIM-1, which is a type I transmembrane glycoprotein, is upregulated 

specifically in proximal tubular epithelial cells following injury and is a very sensitive indicator 

of tubular damage (Vaidya et al., 2011).  

Statistically, independent t -tests showed that KIM-1 levels were significantly higher in 

DKD patients than in healthy controls, and levels showed progressive increments in CKD 

stages. Correlation analysis using Pearson indicated a positive significant association between 

KIM-1 levels and established indicators of kidney dysfunction that include serum creatinine 

and albuminuria, and low levels of eGFR. This finding is especially significant since 

subclinical renal damage is poorly detected using traditional biomarkers (Swaminathan et al., 

2023; Campion et al., 2017) The tubular hypothesis of diabetic kidney disease also highlights 

the role of the tubulointerstitial injury in disease progression, and thus, KIM-1 would be a 

welcome addition to the diagnostic armamentarium of diabetic kidney disease as well as in 

the understanding of tubulointerstitial injury in diabetic kidney disease (Vallon & Thomson, 

2020; Vaidya et al., 2011) 

4-4 Cross-correlated associations multi-factorial and cholesterol metabolism: 

The interrelation with Diabetic markers and the parameters of the lipid profile detected 

in Figure 3 indicate the multifactorial process of diabetic kidney disease development. ANOVA 

analysis showed that lipid profiles differ significantly between patient and control groups 

where DKD patients showed high levels of total cholesterol, LDL cholesterol, and triglycerides, 

and low levels of HDL cholesterol. Dyslipidemia in chronic kidney disease is characterized by 

a complex set of changes in lipoprotein metabolism, which include the reduced activity of 

lipoprotein lipase, diminished hepatic lipase activity, and promoted hepatogenesis in the liver 

and a series of hormones and the activity of their complexes in the liver (Vaziri, 2006). Pearson 

correlation analysis revealed that HDL cholesterol was significantly negative linked to blood 

creatinine and albuminuria. These metabolic disorders form a vicious spiral in which lipid 

abnormalities worsen kidney dysfunction, and this leads to enhanced kidney dysfunction 

through the process of inflammation and oxidative stresses (Wada & Makino, 2013; Jha et 

al., 2016).The reverse correlation between HDL cholesterol and the markers of kidney 

dysfunction identified in our study evidences this pathophysiological connection and the 

significance of broad-based metabolic intervention in diabetic patients (Nguyen et al., 2012; 

Fanelli et al., 2018) . 
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4-5 CKD stage Distribution and clinical Implications: 

The pattern of distribution of patients across the various stages of CKD in our study 

illustrated in Figure (1) is a good source of information on the trend of disease progression 

and implication on clinical management. Chi-square analysis provided a significant 

relationship with CKD stages of distribution and profiles of biomarkers. The high proportion 

of patients in Stages 2 and 3 (62% combined) is consistent with how diabetic kidney disease 

is presented in clinical practice: on average, patients present with moderate kidney 

dysfunction rather than end-stage disease (Tuttle et al., 2014; Satirapoj & Adler, 2014) 

ANOVA analysis showed a progressive deterioration of kidney function markers across 

stages that were significantly different between any two consecutive stages in terms of eGFR, 

serum creatinine, and albuminuria. This pattern of distribution underlines why early 

diagnosis and treatment should be the key to preventing the occurrence of more advanced 

stages, which will have to be treated by means of renal replacement therapy. The fact that 12 

% of patients with Stage 1 CKD (preserved eGFR) have evidence of kidney damage emphasizes 

the importance of a sensitive biomarker such as KIM-1 to detect subclinical disease (Liu et 

al., 2022; Pradeep et al., 2024). The Stage 4 patients (26%), in contrast, constitute a group of 

individuals who need intense management and sequencing to renal replacement therapy 

(Sagoo & Gnudi, 2020; Yamazaki et al., 2021). 

4-6 Clinical and Therapeutic decision-making: 

The results of the work have great practical significance to clinical practice and 

treatment decision-making in the treatment of diabetic kidney disease. The strong 

correlations among the biomarkers revealed through the Pearson correlation analysis and 

visualized in Figures 2 and 4 indicate the possibility of using combined risk stratification 

models based on both classic and novel markers to achieve higher prognostic accuracy (Pena 

et al., 2015; Perco et al., 2019). Statistical comparison indicated that patients with a high level 

of KIM-1 had extreme chances of entering advanced stages of CKD even with a preserved 

eGFR evaluated using chi-square analysis. These methods can enable individual treatment 

plans so that clinicians might develop interventions that are based on specific risk factors as 

well as mechanisms of the disease. Diagnosing patients with high KIM-1 levels may encourage 

earlier adoption of nephroprotective treatment, which includes renin-angiotensin system 

blockade, SGLT2 inhibitors, and intensive glycemic control (Ruggenenti et al., 2010;Yamazaki 

et al., 2021). 

Moreover, the multifactorial links found have led to the necessity of multifactorial 

management patterns which would include not only glycemic control but also affect lipid 

metabolism, blood pressure, and inflammations processes (Coca et al., 2012; Peabody et al., 

2023) . 

4-7 Applications of the research and future development avenues Clinical 

translation: 

The field of research into diabetic kidney disease has a lot of opportunities that can be 

utilized to develop our knowledge and benefiting patients in this way. The next research steps 
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should be concerned with the study of predictive value of novel biomarkers on clinical 

outcomes and treatment response, as well as the establishment of the correlation value 

between these biomarkers and final diagnosis according to Fig. 1and 4. The combination of 

multi-omics, which includes genomics, proteomics, and metabolomics, has potential in the 

discovery of novel therapeutic targets and precision medicine strategies (Mohsen et al., 2023; 

Ma et al., 2025). More advanced statistical techniques, such as machine learning algorithms, 

could be used to further improve the interpretation of biomarkers and risk prediction quality 

beyond correlation analyses as used herein and could be used to develop clinical decision 

support tools to use in everyday practice. 

Further, investigation of point-of-care testing devices on new biomarkers, such as KIM-

1, has the potential to make it less costly and allow immediate decision-making at the point 

of care, especially in low-resource environments ( Cho et al., 2018; Văcăroiu et al., 2024). 

Another research priority will be the development of biomarker-guided therapeutic trials, 

which may result in more effective and individualized treatment of patients with diabetic 

kidney disease ( Gomez-Marcos et al., 2011; Saeedi et al., 2019).  

5. Conclusion 

In summary, this paper establishes the complicated pathophysiological connections 

behind diabetic kidney disease and justifies the possible use of new biomarkers in risk 

stratification such as KIM-1. Statistical analysis with SPSS Version 28.0 (Independent t-tests, 

ANOVA, Pearson correlation analysis) showed strong correlations between classical diabetic 

parameters, lipid parameters, and renal function variables as shown in Figures 1-4. These 

results point to a multifactorial pathogenesis of disease progression and make the 

development of multifactorial management strategies relevant. Although the study limitations, 

such as the cross-sectional study design and a sample size of 50 participants, do not allow 

concluding about causal relationships and long-term outcomes, the results can be described 

as informative about the disease mechanisms and can point out the directions of future study. 

The incorporation of emerging biomarkers into the clinical practice has potential to enhance 

early detection, risk stratification, and therapeutic decision-making in the care of diabetic 

kidney disease, and eventually lead to improvement of patient outcomes and minimization of 

healthcare burden. 
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